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HISTORICAL INTRODUCTION 


Lord Kelvin writing in 189.% in hig preface to the 
English edition of Hertz’s Researches on Electric Waves, 
says many workers and many thinkers have helped to 
build up the nineteenth century school of plenum, one 
ether for light, heat, electricity, magnetism ; and the 
German and English volumes containing Hertz’s electrical 
papers, given to the world in the last decade of t|ie 
(icntuty, will be a permanent monument of the splendid 
eons immation now realised.” 

Ten years later, in 190 ), we find Einstein declaring 
that “the ether will be i)roved to bo superHous.” At 
first sight the revolution in scientific thought brought 
about in the course of a single decade aj)))eai-s to be almost 
too violent. A more careful even though a iaj)id review 
of th^ subject will, however, show how the Theory of 
Relativity gradually became a historical necessity. 

Towards the beginning of the nineteenth century, 
the luminiferous ether came into prominence as a result of 
the brilliant successes of the wave theory in the hands 
of 'Young and Fresnel. In its stationary a8{)ect the 
elastic solid ether was the outcome of the search for a 
medium in which the light wave.s may “undulate.” This 
stationaqr ether, as sho^n by Young, also afforded a 
satisfactory explanation of astronomical aberration.^ *But 
lie very succe^ gave rise to a boat of new quee^ons all 
bearing oh the central problem of relative motion of ether 
and matter. > 
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Aragoh prim experiment. — The refractive index of a 
glass prism depends on the incident velocity of light 
outside the prism and its velocity inside the prism after 
refraction. On Fresnel’s fixed ether hypothesis, the 
incident light waves are situated in the stationary ether 
outside the prism and move with velocity c with respeQt 
to the ether. If the prism moves with a velocity n 
with respect to this fixed ether, then the incident velocity 
of light with respect to the prism should be Thus 

the refractive index of the glass prism should depend on w, 
the absolute velocity of the prism, i.e.y it« velocity with 
respect to the fixed ether. Arago performed the experiment 
in 1819, but failed to detect the expected change.. ' 

Airy • Boscov itch water Aeleecope experiment. — Boscovitch 
had "still earlier in I76(), raised the very important 
question of the dependence of aberration on the refractive 
index of the medium filling the telescope. Aberration 
depends on the difference in the velocity of light outside 
the telescope and its velocity inside the telescope. If the 
latter velocity changes owing to a change in the medium 
filling the telescope, aberration itself should change, that 
is, aberration should depend on the nature of the medium. 

Airy, in 1871 filled up a telescope with water — but 
failed to detect any change in the aberration. Thus we 
get both in the case of Arago pri^m experiment and 
Airy- Boscovitch water-telescope experiment, the yery 
startling lesult that optical effects in a moving medium 
seem to be quite independent of the voloeity of the^ 
medium with respect to Fresnel’s stationary ether. 

^reeneVs convection coefficient =r J — ^ 2 Possijbly 

some form of compensation is taking place. Working on* 
Ihie hypothesis, Fresnel effered his famous ether convec- 
tion theory. According to Fresnel, the presence of matter 
implies a definite condensation of ether within the 
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region occupied by matter. This condensed or 
excess poi*tion of ether is supposed to be carried away 
with its own piece of moving matter. It should be 
observed that only the '' excess ” portion is carried away, 
while the rest remains as stagnant as ever. A complete 
eonvection of the “excess ether p' with the full velocity 
u is optically equivalent to a partial convection of the 
total ether p, with only a fraction of. the velocity k, 
Fresnel showed that if this convection coefficient k is 
being the refractive index of the prism), then 
the velocity of light after refraction within the moving 
prism would be altered to just such extent as would make 
the r tractive index of the moving prism quite indepen* 
dent of its “absolute” velocity ti. The non -dependence 
of aberration on the “ absolute ” velocity is also* very 
easily explained with the help of this Fresnelian convection- 

coefficient k, 

* 

Stokea' viscous cihei'. — It should be remembered, however, 
that Fresners stationai^ ether is absolutely fixed and is not 
at all disturbed by the motion of matter through it. In this 
respect Fresnelian ether cannot be said to behave in any 
respectable physical fashion, and this led Stokes, in 
1845-46, to construct a mpre material type of medium. 
Stokes assumed that viscous motion ensues near the surfaos 
of separation of ether* and moving matter, while at 
sufj&ciently distant regions the ether remains wholly 
undisturbed. He showed how such a viscous ether would 
explain aberration if all motion in it were differentially 
irrotationali But in order to explain the null Arago 
effect, Stokes was compelled to assume the convection 
hypothesis of Fresnel with an identical nutnericfU value 
Ipr Xr, namely*! — prestige of the Fresnelhin 

*coi)vection-eoefficient was enhanced, if anything, by the 
theoretical investigations of Stokes. 
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Fizean^s experiment . — Soon aftor^ in 1851, it received 
direct experimental confirmation in a brilliant piece of 
work by Fizeau. 

If a divided beam of li^^ht is re-united after passinjjf 
through two adjacent cylinders filled with water, ordinary 
interference fringes will be produced. If the water in one 
of the cylinders is now made to flow, the condensed ” 
ether within the flowing water would be convected and 
would produce a shift in the interference fringes. The 
shift actually observed agreed very well with a value of 
k = 1 — ' . The Fresnelian convection-coefficient now 

became firmly established as a conse<iuence of a direct 
^)ositiv6 effect. On the other hand, the negative evidences 
in favour of the convection-coefficient had also multiplied. 
Mastfart, Hoek, Maxwell and others sought for definite 
changes in different optical effects induced by the motion 
of the earth relative to the stationary ether. But all such 
attempts failed to reveal the slightest trace of any optical 
disturbance due to the absolute” velocity of the earthy 
thus proving conclusively that all the different optical 
effects shared in the general compensation arising out of 
the Fresnelian convection of the excess ether. It must be 
earefullj^ noted that the Fresnyidian convection-coefficient 
implicitly assumes the existence of a fixed ether (Fresnel) or 
et least a wholly stagnant medium at sufficiently distant 
regions (Stokes), with reference to which alone a convectjon 
velocity can have any significance. Thus the conveotion- 
oedfficient implying some type of a stationary or viscous, 
yet nevertheless ^'absolute” ether, succeeded it^^explaining 

satisfactorily all4cnown optical facts down to 1880.^ 

® • 

MieheUon^ Motley Experiment . — In 1881, Ik^chelson * 
and Morley performed their classical experiments which 
undermined the whole structure of the old ether theory* 
and thus served to introduce the new theory of relativity. 
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The fundamental idea»uiiderlyinj^ thiV experiment is quite 
simple. In all old experiments the velocity of light 
situated in free ether was compared with the velocity 
of waves actually situated in a piece of moving matter 
and presumably carried away by it. The compensatory 
effect of the Fresnelian convection of ethe^ afforded a 
satisfaetofy explanation of all negative results. 

In the Miehelson-Morley experiment the arrangement is 
quite dfeerent. If there is a definite gap in a rigid body, 
light waves situated in free ether will take a definite time 
in crossing the gap. If the rigid platform carrying the 
gap is set in motion with respect to the ether in the direc- 
tion of light propagation, light waves (which are even iio>i^^ 
situated in free ether) should presumably take a longer 
time to cross the gap. 


We cannot do better than (piotc Eddington's descrip- 
tion of this famous experiment. The principle of the 
experiment may be illustrated by considering a swimmer in 
a river. It* is easily realized that it takes longeu* to swim 
to a point oO yards iqi-streani and back than to a point 50 
yards across-stream and back. If tin; earth is moving 
through the ether there is a river of ether flowing through 
the laboratory, and a wave of light may be compared to a 
swimmer travelling with constant velocity relative to the 
current. If, then, we divide a beam of light into two parts, 
and* send one-half swimming up the stream for a certain 
distance and then (by a mirror) back to the starting 
point, and ^end the other half an equal distance across 
stream and ‘back, the across-stream beam should arrive 
l>a<jk first. 



Let the ether be flowing relative to 
the apparatus with velocity u in th^ 
direction O^, and* let OA, OB, be 
the two arms of the apparatus of equal 
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length' ly OA being placed up-st^ream. Let c be the 
velocity of light. The time for the double journey along 
OA and back is 

/,= 1 + ±. = 

C — C + 0* — V 

where . a factor greater than unity. 

For the transverse journey the light must have a compo- 
nent velocity n up-stream (relative to the ether) in*order to 
avoid being carried below OB : and since its total velocity 
is Cy its component across-stream must be the 

time for the double journey OB is accordingly 

" ,/t^ so that ^>(1,,. 

i 

But when the experiment was tried, it was found that 
both parts the beam took the same time, as tested by 
the interference bands produced.’’ 

After a most careful series of observations, Michelson 
and Morley failed to detect the slightest trace of any 
effect due to earth’s motion through ether. 

The Michelson-Morley experiment seems to show that 
there is no relative motion of ether and matter. Fresnel’s 
stagnant ether requires a relative velocity of — n. Thus 
Michelson and Morley themselves thought at first that their 
experiment confirmed Stokes’ viscous ether, in whiclv no 
relative motion can ensue on account of the absence of 
slipping of ether at the surface of separation. But even 
on Stokes’ theory this viscous flow of ether would fall 
off at a very rapid rate as we recede from the surface 
of separation. Michelsop and Morley i^peated tfacjr experi-^ 
ment at different heights from the suiiaee of the earth, bdt 
invariably obtained the same negative results, thtis failing 
to ennfirm Stokes’ theoiy of viscous flow. 
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,/ JiOdgt/*^ ejrpenment,, — Further, in 1898, Lodge per- 
formed his rotating sphere experiment which showed 
complete absence of any viscous flow of ether due to 
moving masses of matter. A divided beam of light, after 
repeated reflections within a very narrow gap between two 
massive hemispheres, was allowed to re^unite and thus 
produce interference bands. When the two j&emispheres 
are set rotating, it is conceivable that the ether in the gap 
would he disturbed due to viscous flow, and any such flow 
would be immediately detected by a disturbance of the 
interference bands. But actual observation failed to 
detect the slightest disturbance of the ether in the gap, 
due to the motion of the hemispheres. . Lodge’s experi- 
ment thus seems to show a complete absence of any viscods 
flow of ether. ^ 

Apart, from these experimental discrepancies, grave 
theoretical objections were urged against a viscous ether, 
Stokes himself had shown that his ether must be incom- 
pressible and all motion in it difFerentially irrotEtional, 
at the same time there should be absolutely no slipping at 
the surface of separation. Now ad these conditions cannot 
be simultaneously satisfied for any conceivable material 
medium without certain very special ^d arbitrary assump- 
tions, Thus Stokes’ ether failed to satisfy the very motive 
which had led Stokes to formulate it, namely, the desirabi- 
lity of constructing a physical” medium. Planck offered 
modified forms of ^tokes’ theor> which seemed capable of 
being reconciled with the Michelson-Morley experiment, 
but requires very special assumptions. TJie very complexity 
and the •very arbitrariness^ of these assumptions prevented 
Plknck’s ether from attaining any degree of pigstctical 
importance in»the further development of the subject. 

The sole criterion of the value of any scientific theory 
must ultimately be its capacity for offering a simple, 
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unified, coherent and :?ruitful description of observed facts. 
In proportion as a theory becomes complex it loses in 
usefulness— a theory which is obliged to requisition a 
whole array of aibitrary assumptions in order to explain 
special facts is practically worse than useless, as it serves 
to disjoin, rather than to unite, the several groups of facts. 
The opiieajf experiments of the last quarter of^'the nine- 
teenth century 6how( d the impossibility of constructing a 
simple ether theoiy, which would be amenable to •analytic 
treatment and would at the same time stimulate further 
progress. It should be observed tl«ai it could scarcely be 
shown that no logically consistent ether theory was 
possible ; indeed in 1910, H. A. Wilson ofPered a eoiisis- 
sent ether theory which was at least quite neutral with 
respect to all available optical data. But Wilson^s ether 
is almost wholly negative — its only virtue being that it 
does not directly contradict observed facts. Neither any 
direct confirmation nor a direct refutation is possible and 
it does not throw any light on the various optical pheno- 
mena. A theory like thi.s being practically useless stands 
self-condemned. 

We must now consider the problem of relative* motion of 
ether and matter fro^i the point view of electrical theory. 
From 1860 the identity of light as au electromagnetic 
vector became gradually established as a result of the 
brilliant ** displacement current ” hypothesis of Clerk 
Maxwell and his furtlier analytical investigations. The 
elastic solid ether became gradually transformed into the 
electromagnetic one. Maxwell succeeded in giving a fairly 
satisfactory account of all ordinary optical phenomena 
and little room was left for any serious doubts as regafds 
t^he general validity of MaxwelPs theory. Hertzes re^ 
aearches on electric waves, first carried out in 1888,^ 
succeeded in furnishing a strong experimentarconfirmation 
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of MaxwelFs theory. Electric waves behaved generally 
like light waves of very large wave length. 

The orthodox Maxwellian view located the dielectric 
polarisation in the electromagnetic ether which was merely 
a transformation of Fresnel’s stagnant ether. The mag- 
netic polarisation was looked upon as wholly secondary in 
origin^ being due to the relative motion of the dielectric 
tubes of polarisation. On this view the Presnelian con- 
vection coefficient comes out to be as shown by J. J. 
Thomson in 1880, instead of 1 — as required by 
optical experiments. This obviously implies a complete 
failure to account for all those optical experiments which 
depend for their satisfactory explanation on the assumption 
of a value for the convection coefficient equal to 1-— 

The modifications proposed independently by Hertz and 
Heaviside fare no better.* They postulated the actual 
medium to be the seat of all electric polarisation and further 
emphasised the reciprocal relation subsisting between 
electricity And magnetism, thus making the field equations 
more symmetrical. On this view the whole of the 
polarii^ed ether is carried away by the moving medium, 
and consequently, the convection co-efficient naturally 
becomes unity in this theofy, a value quite as discrepant 
as that obtained on the original Maxwellian assumption. 

Thus neither Maxwell’s original theoiy nor its subse- 
quent modifications as developed by Hertz and Heaviside 
, succeeded in obtaining a value for Fresnelian co-efficient 
equal to and consequently stood totally condemned 

from the^op£ical point of view. , 

fpCertmn direct ^electromagnetic experiments involving 
j^lative inotio^ of polarised dielectrics were no less conclu- 
sive against the generalised theory of Hertz and Heaviside^ 


* See Note 
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According to Hertz a moving dielectric would carry away 
the whole of its electric displacement with it. Hence the 
electromagnetic effect near the moving dielectric would 
be proportional to the total electric displacement^ that ia 
to K> Jhe specific inductive capacity of the dielectric. In 
1901^ Blon4lot working with a stream of moving gas 
could not detect any such effect. H. A. Wilson repeated 
the experiment in an improved form in 1903 and working 
with ebonite found that the observed effect was pro- 
portional to K — 1 instead of to K. For gases K is nearly 
equal to 1 and hence practically no effect will be observed 
in their case. This gives a satisfactory explanation of 
^ndlot’s negative results. 

Howland had shown in 1876 that the magnetic force 
due to a rotating condenser (the dielectric remaining 
stationary) was proportional to K, the sp. ind. cap. On 
the other hand, Rontgen found in I8S8 the magnetic 
effect due to a rotating dielectric (the condenser remain- 
ing stationary) to be proportional to K— 1, and not to 
K. Finally Eichenwald in 1903 found that when both 
condenser and dielectric are rotated together, the effect 
observed was quite independent of K, a result quite 
consistent with the two previou^s experiments. The Row- 
land effect proportional to K, together with the op{)osite 
Rontgen effect proportional to 1 K, makes the Eichenwald 
effect independent of K. << 

All these experiments together witfi those of Blondlot 
aii^d Wilson made it clear that the electromagnetic 
effect due to a moving dielectric was proportional to 

1^ and not to K as required by iterte's theory. Thus 
the above group of experiments vrith moring dihlectrio^ 
direoiiy aontiadicied the Hertz*Heaviside theory; The 
internal dtscrepanmes inherent in the classic ^etfaer theory 
had now become too promihent. It was cl6p.r that the 
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^her concept had finally outgrown its usefaln6sa4 The 
observed facts bad become too contradictory and too 
heterogeneous to be reduced to an organised whole with 
the help of the ether concept alone. Radical departures 
from the classical theory had become absolutely necessary* 

There were several outstanding difficulties jn connec- 
tion with* anomalous dispersion, selective reflection and 
selective absorption which could not be satisfactory 
explaineS in the classic electromagnetic theory. It 
was evident that the assumption of some kind of 
discreteness in the optical meduim had become inevit^ 
able« Such an assumption naturally gave rise to an 
atomic theory of electricity, namely, the modem electron 
theory. Lorentz had postulated the existence of etebtrons 
so early as 1878, but it was not until some years later ^that 
the electron theory became firmly established on a satisfac- 
tory basi^. 

Lorentz assumed that a moving djelectric merely carried 
away its own polarisation doublet}^' which on his theoiy 
gave rise to the induced field pro^idrtional to K — 1. The 
field near a moving dielectric is batiirally proportional to 
K— 1 and not to K. Loren tz’s theory thus gave a 
satisfactory explanation ofi all those experiments with 
moving dielectrics which required effects proportional to 
K— 1. Lorentz further succeeded in obtaining a value for 
the Fresnelian convection coefficient equal to 1 — ifce 
exact value required by all optical experiments of the 
^moving typg. 

We piust now ^o back to Michelsqn and Morley’s 
experiment. We Slave sem that both parts of the beam 
are situate in |ree ether ; no matefirial meduim is involved 
in any portion of the paths actually traversed by tbe beam! 
Consequently no compensation due to Fresnelian convection 
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of ether by moving medium is possible. Thus Fresnelian 
eonvection oompensation can have no possible application 
in this case. Yet some marvellous compensation has 
evidently taken place which has completely masked the 
absolute velocity of the earth. 

In Michelson and Morley^s experiment, the distance 
travelled by the beam along OA (that is, in*a direction 
parallel to the motion of the platform) is while the 

distance travelled by the beam along OB, perpendicular to 
the direction of motion of the platform, is Yet the 

most careful experiments showed, as Eddington says, that 
both parts of the beam took the same time as tested by the 
interference bands produced. It would seem that OA and 
t)B could not really have been of the same length ; and if 
OB Vas of length I, OA must have been of length l/p. The 
apparatus was now rotated through 90°, so that OB became 
the up-stream. The time for the two journeys was again 
the same, so that OB must now be the shorter length. The 
plain meaning of the experiment is that both arms have a 
length I when placed along Oy (perpendicular to the direc- 
tion of motion), and automatically contract to a length 
Ijfi, when placed along (parallel to the direction of 
motion). This explanation was first given by Fitz-Gerald.’* 

This Fitz-Gerald contraction, 8tai*tling enough in 
itself, does not suffice. Assuming this contraction to be a 
real one, the distance travelled with respect to the etljer is 
and the time taken for this journey is But the 

distance travelled with respect to the platform is alwayd 
21, Hence the velocity of light with respect, to the plat- 
form is ill a variable quiffitity depending on 

• • 

. tlie “ i^olute ” Telodtjr of the platform.' But no tnSea 
'4 of such an effect has ever been found. The veloeity of 
Ught is always found to be quite independeni’of the velocity 
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of the platform. The present diflSculty cannot be solved 
by any further alteration in the measure of space. The 
only recourse left open is to alter the measure of time as 
well, that is, to adopt the concept of ^Mocal time.” If a mov- 
ing clock goes slower so that one 'real’ second becomes l/fi 
second as measured in the moving system, the velocity of 
light rehtive to the platform will always remain c. We 
must adopt two very startling hypotheses, namely, the 
Fitz-G(^rald contraction and the concept of “local time,” 
in order to give a satisfactory explanation of the 
Michelson-Morley experiment. 

These results were already reached by Lorentz in the 
course of further developments of his electron theory. 
Lorentz used a special set of transformation equations'^ lor 
time which implicitly introduced the concept of local* time. 
But he himself failed to attach any special significance to 
it, and looked upon it rather as a mere mathematical 
artifice like imaginary quantities in analysis or the circle 
at infinity in projective geometry. The originality of 
Einstein at this stage consists in bis successful physical 
interpretation <if these results, and viewing them as the 
cohefent organised consequences of a single general 
principle. Lorentz established the Relativity Theoremt 
(consisting merely of a set of transformation equations) 
while Einstein generalised it into a Universal Principle. In 
addition Einstein introduced fundamentally new concepts 
of* space and time, which served to destroy old fetishes and 
demanded a wholesale revision of scientific concepts and 
thus opened up new possibilities in the synthetic unification 
of natural 'processes.^ 

* Newton had framed his laws of motion in such«a way 
*a8 to make them quite independent of the absolute velocity 

* See Note 2. 

t 6eeKole4. 
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of the earth. Uniform relative motion of ether and mattfti* 
cduld not be detected with the help of dynamical laws. 
According to Einstein neither could it be detected with the 
help of optical or electromagnetic experiments. Thus the 
Einsteinian Principle of Relativity asserts that all physical 
laws ai^ independent of the ^absolute ’ velocity of an observer. 

For different systems, the form of all physical laws is 
conserved. If we chose the velocity of light* to be the 
fundamental unit of measurement for all observers ^hat is, 
assume the constancy of the velocity of light in all systems) 
we can establish a metric one — one correspondence 
between any two observed systems, such correspondence 
depending only the relative velocity of the two systems. 
Einstein’s Relativity is thus merely the consistent logical 
application of the well known jjhysical principle that we 
can know nothing but relative motion. In this sense it is 
a further extension of Newtonian Relativity. 

t 

On this interpretation, the Lorentz- Fitzgerald contrac- 
tion and ^Mocal time” lose their arbitrary character. Space 
and time as measured by two different observers are natur- 
ally diverse, and the difference depends only on their relative 
motion. Both are equally valid; they are merely different 
descriptions of the same physical, reality. This is essentially 
the point of view adopted by Minkowski. He considers time 
itself to be one of the co-ordinatfe axes, and in his four- 
dimensional world, that is in the space-time reality, relative 
motion is reduced to a rotation of the < axes of reference. 
Thus, the diversity in the measurement of lengths and 
temporal rates is merely due to the static difference in the 

frame- work ” of the different observers. * 

• . • 

Th& above theory o^ Relativity absorbed poetically 
the whole of the electromagnetic theory Based on the*^ 


* 8ee Notes 9 and 12. 
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Maxwell-Lorentz system of field equations. It combined 
all the advantages of classic Maxwellian theory together 
with an electronic hypothesis. The Lorentz assumption of 
polarisation doublets had furnished a satisfactory explana<- 
tion of the Presnelian convection of ether, but in th^ new 
theory this is deduced merely as a consequence of«the altered 
concept of relative velocity. In addition, the theory of 
Relativity accepted the results of Michelson and Morley’s 
experim&ts as a definite principle, namely, the principle of 
the constancy of the velocity of light, so that there was 
nothing left for explanation in the Miehelson-Morley 
experiment. But even more than all this, it established a 
single general principle which served to connect togethe^f 
in a simple coherent and fruitful manner the known facts 
of Physics, 

The theory of Relativity received direct experimental 
confirmation in several directions. Repeated attempts were 
made to detect the Lorentz-Fitzgerald contraction. Any 
ordinary ph}'^ical contraction will usually have observable 
physical results ; for example, the total electrical resistance 
of a conductor will diminish. Trouton and Noble, Trouton 
and Rankine, Rayleigh and Brace, and others employed 
a variety of different methods to detect the Lorentz- 
Fitzgerald contraction, but invariably with the same 
negative results. Whether there is an ether or not, 
tmif&rm vehciiy tvith respect to it can never he detected, 
Thie does not prove 'that there is no such thing as an 
ether but ceij’tainly does render the ether entirely super-^ 
fluous. Universal compensation is due to a change in locals 
unitf of length and«tinfe, or rather, being merely different^ 
descriptioHS of the same reality, there is no compensatioh^ 

There was Auothet group of observed phenomena whinh 
could scarcely be fitted into ^ Newtonian scheme 
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dynamics mthout doing violence to it. The experimental 
work of Kaufmann, in 1901, made it abundantly clear that 
the mass of an electron depended on its velocity. So 
early as 1881, J. J. Thomson had shown that the inertia cif 
a changed particle increased with its velocity. Abraham 
now deduced a formula for the variation of mass with 
velocity, on the hypothesis that an electron always remain- 
ed a rigid sphere. Lorentz proceeded on the assumption 
that the electron shared in the Lorentz-Fitzgerald Contrac- 
tion and obtained a totally different formula. A very 
careful series of measurements carried out independently by 
Biicherer, Wolz, Hiipka and finally Neumann in 1918, 
4eeided conclusively in favour of the Lorentz formula. 
This contractile^^ formula follows immediately as a direct 
consequence of the new Theory of Relativity, without any 
a^umption as regards the electrical origin of inertia. Thus 
the complete agreement of experimental facts .with the 
predictions of the new theory must be considered as 
confirming it as a principle which goes even, beyond the 
electron itself. The greatest triumph of this new theory 
consists, indeed, in the fact that a large number of results, 
which had formerly required all kinds of special hypotheses 
for their explanation, are now deduced very simply as 

inevitable consequences of one single general principle. 

< 

We have now traced the history of the development of 
the restrioted or epecial theory of Relativity, which is 
nuinly concerned with optical and electrical phenomena. 
It was first offered by Einstein in 1906. Ten. years later/ 
Sinstdin formulated his second theory, the Oeneralised 
Bnneiple of Reiativify. This new theory, is main!/ a thwry 

'gmvitation and hastWy little connection with optics 
tad elcotridty. In one sense, the second tfieoiy is inde^ 
a fnrtlmr gen^alisation of the restricted principle, bat the 
fitaBter dcec Qot really contain the latter as a sj^edal case. 
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Einstein’s first theory is restricted in the sense that it 
only refers to uniform rectiliniar motion and has no appli^ 
cation to any kind of accelerated movements. Einstein in 
his second theory extends the Relativity Principle to cases 
of accelerated motion. If Relativity is to be universally 
true, then even accelerated motion must be me/ely relative 
motion between matter ami waller. Hence the Generalised 
Principle of Relativity asserts that absolute ” motion 
cannot be detected even with the help of gravitational laws. 

All movements must be referred to definite sets of 
co-ordinate axes. If there is any chang^e of axes, the 
numerical magnitude of the movements will also change. 
But according to Newtonian dynamics, such alteration in 
physical movements can only be due to the efPect of certain 
forces in the field."^ Thus any change of axes will introduce 
new ^^geometrical” forces in the field which are quite 
independent of the nature of the body acted on. (jravifcation- 
al forces also have this same remarkable property, and 
gravitation ‘itself may be of essentially the same nature as 
these ^^geometrical” forces introduced by a change of axes. 
This leads to Einstein’s famous Principle of Equivalence. 
A gravitational fold of force is strictly eqtdvalent to one 
introduced by a tramformahon of co-ordinates and no possible 
experiment can distinguish between the two. 

Thus it may become possible to transform away ” 
gravitational effects, at least for sufficiently small regibns of 
space, by referring all movements to a new set of axes. This 
new ‘‘ fraofework ” may of course have all kinds of very 
complics^ed movements when referred to Jihe old GaKlean 
or •^‘rectangular ufiaccelerated system of oo-ordinates.” 

♦ But there ©is no reason why we should look upon the 
GaHlean system as more fundamental than any other. If it 

■ . ■ - . - . - — • — 

* Hofce A, 
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is found simpler to refer all motion in a gravitational field 
to a special set of co-ordinates, we may certainly look upon 
this special ^'framework'' (at least for the particular region 
concerned), to be more fundamental and more natural. We 
may, still more simply, identify this particular framework 
with the special local ]>roperties of space in that region. 
That is, we can look upon the effects of a gravitational 
field as simply due to the local properties of space and time 
itself. The very presence of matter implies a mo^fication 
of the characteristics of space and time in its neighbour- 
hood. As Eddington says matter does uot cause the 
curvature of space-time. It is the curvature. Just as 
light does not cause electromagnetic oscillations; it is the 
oscillations.*’ 

We may look upon this from a slightly different point 
of view. The General Principle of Relativity asserts that 
all motion is merely relative motion between matter and 
matter, and as all movements must be referred to definite 
sets of co-ordinates, the ground of any possible framework 
must ultimately be material in character. It A* convenient 
to take the matter actually present in a field as the 
fundamental ground of our framework. If this is done, 
the special characteristics of oaf framework would naturally 
depend on the actual distribution of matter in the field. 
But physical space and time is completely defined by the 
‘^framework,” In other words the ‘^framework’* itself 
space and time. Hence we see how pB/sical space and time 
is actually defined by the local distribution of ij^atter. 

There are certain magnitudes^ which remain*^ constant by 
any change of axes. In ordinary geometry distance 
between two points is ^ one such magnitude ;* so iha^ 
is an inyariant. In the restricted theory of 
light, the principle of constancy of light velocity demands 
that should remain constant. 
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The reparation dr of adjacent events is defined I 

It is an extension of tl 
notion of distance and this is the new invariant. Now 
t are transformed to any set of new vanabl 
«?i, Xq, we shall get a quadratic expression f 

+ where then's a 

functions^ of i^* 2 J ^4 depending on the transform 
tion. 

The^ special properties of space and time in any regi 
are defined by these ^’s which are themselves determin 
by the actual distribution of matter in the locality. Th 
from the Newtonian point of view, these y’s represent t 
gravitational effect of matter while from the Relativi 
stand-point, these merely define the non-Newtonian (a 
incidentally non-Euelidean) space in the neighbourhopd 
matter. 

We have seen that Einstein^s theory requires lo 
curvature of space-time in the neighbourhood of matt 
Such altered characteristics of s]>aee and time give 
satisfactory explanation of an outstanding discrepancy 
the observed advance of perihelion of Mercury. The lai 
discordance is almost completely removed by Einstei 
theory. 

Again, in an intense gravitational field, a beam of Ii| 
will be affected by the loCal curvature of space, so that 
an observer who is referring all phenomena to a Newton 
system, the beam of^ light will appear to deviate from 
path along an Euclidean straight line. 

This famous prediction of Einstein about the deflect 
of^a be&m of light ty the sun's gravitational field ^ 
tested during the total solar eclipse of May, 1919*. [ 

observed deflection is decisively in favour of the Generali 
Theory of Belativity. 
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It should be ifoted however that the velocity of li^ht 
itself would decrease in a gravitational field. This may 
appear at first sight to be a violation of the principle of 
constancy of light-velocity. But when we remember that 
the Special Theory is explicitly redrioted to the case of 
unaecelerated motion^ the difficulty vanishes. In the 
absence of gravitational field, that is in any un^celerated 
system, the velocity of light will always remain constant. 
Thus the validity of the Special Theory is completely 
preserved nvithin its own redrided field. 

Einstein has proposed a third crucial test. He has 
predicted a shift of spectral lines towards the red, due to an 
intense gravitational potential. Experimental difficulties 
are very considerable here, as the shift of spectral lines is a 
complex phenomenon. Evidence is conflicting and nothing 
conclusive can yet be asserted. Einstein thought that a 
gravitational displacement of the Fraunhofer lines is a 
necessary and fundamental condition for the acceptance of 
his theory. But Eddington has pointed out that even if 
this test fails, the logical conclusion would seem to be that 
while Einstein’s law of gravitation is true for matter in 
bulk, it is not true for such small material systems as 
atomic oscillator. 

CONOLISION 

From the conceptual stand-point there are several 
important consequences of the Generalised or Gravitatibnal 
Theory of Relativity. . Physical space-time is perceived to 
be intimately connected with the actual loeah'distribution 
of matter. Euqlid-Newtonian space-time is not the actual 
space-time of Physics, simply because tiffi former completely 
neglects tbe actual presence of matter. Euplid-Newtonian 
i^niibuum is merely an abstraction, while physical spac^ 
time is the actual framework whibh has some definite 
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6iirvature due to the presenee of matter, Oravitational 
Theory of Relativity thue brings out clearly the funda- 
mental distinction between actual physical space-time 
(which is non-isotropie and non-Euclid-Newtonian) on om 
band and the abstract Bnclid-Newtonian continuum (which 
is homogeneous^ isotropic and a purely intellectual cdnetroo- 
tion) on the other. • 

The measurements of the rotation of the earth reveals a 
fundamental framework which may be ealled the ** inertial 
framework.” This constitutes the actual physical universe. 
This universe approaches Galilean spaee-time at a great 
distance from matter. 

The properties of this physical universe may be referred 
to some world-distribution of matter or the inertial fram^ 
work ” may be constructed by a suitable modification of the 
law of gravitation itself. In Einstein’s theory the actual 
curvature of the ^‘inertial fmme work” is referred to vast 
quantities of undetected world-matter. It has interesting 
consequences. The dimensions of Einsteinian universe 
would depend on the quantity of matter in it; it would 
vanish to a foint in the total absence of matter. Then 
again •curvature depends on the quantity of matter^ and 
hence in the presence of a sufficient quantity of matter space- 
time may curve round and close up. Einsteinian universe 
will then reduce to a finite system without boundaries^ like 
the surface of a sphere. In this “ closed up ” system^ 
light rays will come to a focus after travelling round the 
^universe and we should see an anti-sun” (corresponding tc 
the back surface of the sun) at a point in the sky opposite 
to the real sun. This antiosun would of course be equally 
large and equally btight if there is no absorption of » light 
iu free s^e. ^ * 

In de Sitter’s theory^ the existence of vast quantities oJ 
world-matter* is not required. But beyond a definite 
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distance from an observer^ time itself stands stilly so that 
to the observer nothing can ever happen ” there. All 
these theories are still highly speculative in character^ but 
they have cei*tainly extended the scope of theoretical physics 
to the central problem of the ultimate nature of the 
universe itself. 

One outstanding peculiarity still attaches to the concept 
of electric force~it is not amenable to any process of being 
transformed away by a suitable change of framework. 
H. Weyl, it seems, has developed a geometrical theory (in 
hyper-space) in which no fundamental distinction is made 
between gravita.tional and electrical forces. 

Einstein’s theory connects up the law of gravitation 
with the laws of motion, and serves to establish a very 
intimate relationship between matter and physical space- 
time. Space, time and matter (or energy) were considered 
to be the three ultimate elements in Physics. The restricted 
theory fused space-time into one indissoluble whole. The 
generalised theory has further synthesised space-time and 
matter into one fundamental physical reality. Space, time 
and matter taken separately are more abstractions. Physical 
reality consists of a synthesis of all three. # 


P. C. Maealanobis. 



iltSTORlC li iNtJlODtJOTION 


XXlll 


Note A. 

For example consider a massive particle resting on a 
circular disc. If we set the disc rotating, a centrifugal force 
"appears in the field. On the other hand, if we transform 
to a set of rotating axes, we must introduce a centrifugal 
force ia order to correct for the change of axes. This 
newly introduced centrifugal force is usually looked upon 
as a mathematical fiction — as '‘geometrical” rather than 
physical. The presence of such a geometrical force is usually 
interpreted us being due to the adoption of a fictitious 
framework. On the other band a gravitational force Is 
considered quite real. Thus a fundamental distinction is 
made between geometrical and gravitational forces. 

In t^e General Theory of Relativity, this fundamental 
distinction is done away with. The very possibility of 
distinguishing between geometrical and gravitational forces 
is denied. All axes of reference may now be regarded as 
equally valid. 

In the Restricted Theory, all "unaccelerated” axes of 
reference were recognised as equally valid, so that physical 
laws \t^ere made independent of uniform absolute velocity. 
In the General Theory, pliysical laws are made independent 
of /'absolute” motion of any kind. 
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The Electrodynamics of flioving Bodies 


BY 

A. ElKfSTBTN. 


INTRODUrTION. 

It is well known that if we attempt to apply Maxwell’s 
electrodynamics, as conceived at the present time, •to 
moving bodies, we are led to assymetry which does, not 
agree with observed phenomena. Let ns think of the 
mutual action between a magnet and a conductor. The 
observed phenomena in this case depend only on the 
relative motihn of the conductor and the magnet, while 
according to the usual conception, a distinction must be 
made between the cases where the one or the other of the 
bodies is in motion. If, for example, the magnet moves 
and the conductor is at rest, then an electric field of certain 
eaergy*value is produced jn the neighbourhood of the. 
magnet, which excites a current in those parts of the 
field Inhere a conductor exists. But if the magnet be at 
and the conductor be set in motion, no electric field 
is produced in>the neighbourhood of the magnet,' but an 
electromotive Torce which corresponds to^no energy in 
■itselLis produced in the*condnctor; this causes an electric 
of the sa^e magnitude and the same career as the 
electric force, it being ojt course assumed that the relative 
motien m both.of these eases is the same. 
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'2, Examples of a similar kinJ sucli as the imsiiecessful 
attempt to substantiate the motion of the earth relative 
to the Liji^ht-meclium lead ps to the su])positioa that 
not only in mechanics, but also in electrodynamics, no 
properties of observed facts correspond to a concept of 
absolute rest; but that for all coordinate systems for which 
the mechanical equations hold, the equivalent electrodyna- 
mical and optical equations hold also, as has already been 
shown for ma<^nitudes of the first order. In the following 
we make these assumptions (which we shall subsequently 
call the Principle of Relativity) and introduce the further 
assumption, — an assumption which is at the first sight 
quite irreconcilable with the former one — that li^ht is 
propagated in vacant space, with a velocity c which is 
iiKiepeiident of the nature of motion of the emitting 
body. These two assumptions are quite suflicicnt <ogi ;e 
us a simple and consistent theory of electrodynamics j>f 
moving bodies oq the basis of the Maxwtdlian theory, for 
bodies at rest. The introdnetion of a Lightiither^’ 
will be ju’ovod to be superfluous, for according to the 
conceptions which will be developed, we shall introduce _ 
neith er a space absolutely at rest, and endowed with 
special properties, nor shall w^c associate a velocity -vector 
with a point in which eleetro-magncdic ])roccsses take 
place. 


3. Like every other theory in electrodynamics, the 
theory ia based on the kinematics of rigid bodies; in the 
enunciation of every theor)', we have to , do with relations 
between rigid bodies (co-ordinate system), clocks, and 
electromagnetic processes. An insuflScient consideration 
of these circumstances is the cause of difficulties with 
which the electrodynamics of moving bodies have to fight 
at present. 
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§ 1. Definition of Synchronism. 

Lot us ha VO a oo-ordiuate system, in which the New- 
iun iaii equations hold. For distinguishing this system 
from anothei* which will be introduced hereafter, we 
shall always call it the stationary system/’ 

If a Aaterial point be at rest in this system, then its 
position in this system can be found out by a measuring 
rod, and can ])e expressed by the methods of Euclidean 
(fcometry, or in Cartesian co-ordinates. 

If we wish to describe the motion of a material point; 
the values of its coordinates must be expressed as functions 
of time. It is always to be borne in mind that SHch a 
afJienial ical deJlnUion h(fH a pliyucal sense ^ only when we 
have a cldar notion of lohat is meant hy time. We have to 
take into consideration the fact that those of on r conceptions^ in 
which time plhys a part, are always conceptions of synchronism 
For example, we say tliat a train arrives here at 7 c/cloek j 
this means that the exact ])ointiiig of the little hand of my 
watch to 7, and the arrival of the train are synchronous 
events. 

It may appear that all tlifficultics connected with the 
definition of time can be removed when in place of time, 
we substitute the positjon of the little hand of ray watch. 
JSuch a definition is in fact sufficient, when it is required to 
define time exclusively for the place at which the clock is 
stationed. . But the deJinit«ion is not sufficient when it is 
reqnfred to connecWlty time events taking place at different 
stations, — ov what amounts to the sa*me thing, ~to estimate 
by means of time (zeitlich werten) the occurrence of events, 
which take’ place at stations distant from the clock. 
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Now with regard to this attempt; — the time-estimation 
of eventS;, we can satisfy ourselves in the following 
manner. Suppose an observer — who is stationed at the 
origin of coordinates with the clock — associates a ray of 
ligh}; which comes to him through space, and gives testimony 
to the CiVent of which the time is to be estimated, — with 
the corresponding position of the hands of the^clock. But 
such an association has this defect., — it depends on the 
position of the observer j)rovided with the clofek, as we 
know by experience. We can attain to a more practicable 
result by the following treatment. 

If an observer be stationed at A with a clock, he can 
,, estimate the time of events occurring in the immediate 
neighbourhood of A, by looking for the position of 
the hands of the clock,* which are syrehronous with 
the event. If an observer be stationed at B with a 
clock, — we should add that the clock is of the same nature 
as the one at A, — he can estimate the time of events 
occurring about B. But without further premises, it is 
not possible to compare, as far as time is concerned, the 
events at B with the events at A. We have hitherto an 
A-time, and a B-time, but no time common to A and B. 
This last time common time) can be defined, if we 
establish by defini lion that the. time which light requires 
in travelling from A to B is equivalent to the time which 
light requires in travelling from B to A. For example, 
a ray of light proceeds from A ai A-time t towards B, 

arrives and is reflected from B at B-time t^‘ and returns 
to A at A-tinie t' . According- to the definition, both 
clocks ax'e synchronohs, if ^ 
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We assume that this definition of synchronism is possible 
without involving any inconsistency, for any number of 
points, therefore the following relations hold : — 

1. If the clock at B be synchronous witli the clock 
at A, then the clock at A is synchronous with the clock 
■•at B. 

c 

:l. If the clock at A as well as the clock at B are 
both gynehrcTuous with the clock at C, then the clocks at 
A and B are synchronous. 

Thus with the help of certain physical experiences, we 
have established what we understand when we speak of 
clocks at rest at different stations, and synchronous with 
one another ; and thereby we have arrived at a definition of 
synchronism and time. 

In accordance with experience we shall assume that the 
magnitude 

2AB 

t' — t where c is a universal constant. 

A A 

We have defined time essentially with a clock at rest 
in a stationary system. On account of its adaptability 
to the stationary systetn, we call the time defined in this 

way as time of the stationary system.'’ 

* 

§ 2. On the Relativity of Length and Time. 

1 

The following reflections are based on the Principle 

of Relativity and on the Principle of Constancy of the 

velocity of light, both of which we define in the following 

•wav : — 

* 

I . Thfl laws according to which the nature of physical 
systems alter are independent of the manner in which 
these changes are referred to two co-ordinate systems 
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where is the lenpjfh of the moving ro«l, measured 
ill the stationary system. Therefore the observers stationed 
with the watches will not find the clocks synchronous, 
thoiinrh the observer in the stationary system must declare 
the eloc]«s to be synchronous. We therefore see that we can 
attach no abso]ut(^ significance to the concept of synchro- 
nism ; but two events which are synchronous when viewed 
from one system, will not be synchronous when viewed 
from a system moving relatively to this system. 


§ 3. Theory of Co-ordinate and Time-Transformation 
from a stationary system to a system which 
moves relatively to this with 
uniform velocity. 

Let there l)e given, in the stationary system two 
co-ordinate systems, /.<?., two .series of three iriutually 
perpendicular lines issuing from a point. Let the X-axes 
of each coincide with one another, and the Y knd Z-axes 
be parallel. Let a rigid measuring rod, and a number 
of clocks be given to each of the systems, and let the rods 
and clocks in each be exactly alike each other. 

Let the initial point of one of the systems (/c) have 

a constant velocity in the direction of the X-axis^^ of 

the other which is stationary system K, the motion being 

also communicated to the rods and clocks in the system (k). 

Any time t of the stationary system K corresponds to a 

definite position of the axes of the moving system, which 

are always parallf?! to the axes of the stationary system. By 
* « . ^ . * 
we always mean the time in the statioifary system. * 

We suppose that the space is measured byithe stationary* 
measuring rod placed in the stationary system, as well as 
by the moving measuring rod placed in -the moving 
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system^ and we thus obtain the co-ordinates for the 

stationary system, and for the moving system. Let 

the time ^ be determined for each point of the stationary 
system (which are provided with clocks) by means of the 
clocks which are placed in the stationary system, with 
tl^ help of light-signals as described in § 1 . Let also 
the time r'of the moving system be determined for each 
point of the moving system (in which there are clocks which 
are at rest relative to the moving system), by means of 
the method of light signals between these points (in 
which there are clocks) in the manner described in § 1 . 

To every value of ( f, y, z, 1) which fully determines 
the position and time of an event in the stationary system, 
there correspond ^ a syst*‘m of values (^, 17 ,^*^) ; now the 
problem is to find out the system of equations connect- 
ing these magnitudes. 

Primarily it is clear that on account of the property 
of homogeneity which we ascribe to nme and space, the 
equations must be linea\ 

If we put y=.r— r/, then it is clear that at a point 
relatively at rest in the system K, we have a system of 
values (.r/ y z) which are independent of time. Now 
let us find out t as a function of ( < yyyZ^t), For this 
purpose we have to express in equations the fact that r is 
not other than the time given by the clocks which are 
at rest in the system k which must be made synchron- 
ous in the manner described in § 1 . 

Let a ra> of light be sent at time from the origin 
of the system k along the X-axis towards and let it be 
refliseted from that place at time towards the o;rigin 
of moving co-ordinates and let it arrive there at time r, ; 
then we must have 
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If we now introduce the condition that t is a function 
of co-orrdinates, and apply the principle of constancy of 
the velocity of light in the stationary system, we have 

I (O, O, 0, t)+T (O, O, O, {<+ J ) ] 

C ^ 

1 

=T(it', o, 0, ^ 4- I 

c— v /• 

It is to be noticed that instead of the origin of co- 
ordinates, we could select some^ other point as the exit 
point for rays of light, and therefore the above equation 
holds for all values of 

, A similar con^option, being applied to the y- and ^-axis 
gives us, when we take into consideration the fact that 
light when viewed from the stationary system, is always 
propogated along those axes with the velocityv/c®^^*, 
we have the questions 


dy 



= 0. 


Prom these equations it follows that t is a linear func- 
tion of and t. From equations ( 1 ) we obtain . 


T=a 



where a is an unknown function of v. 


With the help of these results it is easy to obtain the 
magnitudes (*^,17,^), if we express, by means of equations 
tiie^fact that light, when measured in the moving system 
is always propagated with the constant velocity c (as 
the principle * of constancy of light velocity in conjune* 
tioD with the principle of relativity rei^uires). For a 
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time T=o, if the ray is sent in the direction of increasing 
we have 

l=cr.a.i=<.c(l- 

Now the ray of light moves relative to the origin of k 
with a velocity c— v, measured in the stationary system ; 
tiierefore we have 



c — V 


Substituting these values of t in the equation for 
we obtain 


In an analogous manner, we obti^,q by considering^ the 
ray of light which moves along the y-axis, 

V=CT=ac (^t- ^ , 

where =^, .</=o, 

V — V* 


Therefore 17= a 


V c* — 


y, 




If for .*/, we substitute its value x--tv, we obtain 


r=^ (V). P (t- ) , 

(v), P (x — vt), 

(v) y 

{v) 


where 



, and (v) = 


ac ' 

V' c* — V* 


= ^ is a function 
P 
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If we make no assumption about the initial position 
of the moving system and about the null-point of t, 
then an additive constant is to be added to the right 
hand side. 

We have now to show, that every ray of light moves 
in the 'moving system with a velocity c (when measured in 
the moving system), in case, as we have actually aesume^T^ 
c is also the velocity in the stationary system ; for we have 
not as yet adduced any proof in support of the assump- 
tion that the j)rinciple of relativity is reconcilable with the 
principle of constant light-velocity. 

At a time T=^ = <3 let a spherical wave be sent out 
from the common origin of the two systems of co-ordinates, 
and let it spread with a velocity c in the system K. If 
(cw, y, be a point reached by the wave, we have 

with the aid of our transformation-equations; let us 
transform this equation, and we obtain by a simple 
calculati >n, 

Thereibre the wave is pro])agaled in the moving system 
with the same velocitj c, and as a spherical wave.* Therefore 
we show that the two principles are mutually reconcilable. 

In the transformations we have got an undetermined 
function (t?), and we now proceed to find it out. 

Let us introduce for this purpose a third co-ordinate 
system i', which is set in motion relative to the system 
the motion being parallel to the ^-axis. Let the velocity of. 
the origin be. ( — At the time all the initial 

o * 

co-oijdinate points coincide, and foT'f=^ =y=zz=Oi the 
time t' of the system k'=o. We shall say that (jg' y' z' 
are the co-ordinates measured in the system h\ then by a 
• Vide Note 9. 
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two^fold EpplieaiioH of the transfortnatios-equations^ we 
obtain 




aj'=^ etc. 

Since the relations between {.v\ y\ t'), and {x, y, e, t) 
do not contain time explicitly, therefore K and ¥ are 
relatively at rest. 

It appears that the systems K and ¥ are identical. 


Let us now turn our attention to the part of the y-axis 
between (^=o, ^=0), and (f=o, 9^=1, ^=0). Let 

this piece of the y-axis be covered with a rod moving with 
the velocity v relative to the system K and perpendicular 
to its axis ; — the ends of the rod having therefore the 
co-ordinates 

I 

»x=»<. y=^y *>=" 

x,=vt, y*=o, «.=o 


Therefore the length of the rod measured in the system 
I 

K is system moving with velocity (— »), 


we have on grounds of symmetry. 


I _ I 
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§ 4. The physical significance of the equations 
obtained concerning moving rigid 
bodies and moving clocks* 

Let us consider a rigid sphere one having a 
spherical figure when tested in the stationary system) of 
radius^ R which is at rest relative to the system (K), and 
whose centre coincides with the origin of K then the equai^ 
tion of the surface of this sj[)here, which is moving with a 
velocity v relative to K, is 


At time the equation is expressed by means of 

(f, y, Q as 


( 1-5) 




A rigid body which has the figure of a sphere when 
measured in the moving system, has therefore in the 
moving condition — when considered from the stationary 
system, the figure of a rotational ellipsoid with semi-axes 


R 



, •R, R. 


Therefore the y and z dimensions of the sphere (there- 
fore of any figure also) do not appear to be modified by the 
motion, but the x dimension is shortened in the ratio . 

V I?* * 

1 ^ ; Jbhe shortening is the larger, the larger 

% 

is V, *For «?=:{?, all moving bodies, when conside»ed from 
U stationary system shrink into planes, h^or a velocity 
larger than the velocity of .light, our propositions become 
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meaningless ; in our theory c plays the part of infinite 
velocity. 

It is clear that similar results hold about stationary 
bodies in a stationary system when considered from a 
uniformly moving system. ^ 

Let us now consider that a clock which is lying at rest 
in the stationary system gives the time and lying 
at rest relative to the moving system is capable of giving 
the time r ; suppose it to be placied at the origin of the 
moving system and to be so arranged that it gives the 
time T. How much does the clock gain, when viewed from 
the stationary system K ? We have, 



Therefore the clock loses by an amount per second 

of motion, to the second order of approximation. 

From this, the following peculiar consequence follows. 
Suppose at two points A and B of the stationary system 
two clocks are given which are synchronous in the sense 
explained in § 3 when viewed from the stationary system. 
.Suppose the clock at A to be set in motion in the line 
joining it with B, then after the arrival of the clock at B, 
they wiH no*]onger be found synchronous, ^ but the clock 
which was set in ufotion from A will lag behind the ^clock 

which had been all along at B by an amount wher^ 

t is the time^ required for the journey. 
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We see forthwith that the result holds also wfaeo the 
clock moves from A to B by a polygonal line, and also 
when A and B coincide. 

If we assume that the result obtained for a polygonal 
line holds also for a curved line^ we obtain the following 
law. If at A, there be two synchronous clocks, ^nd if 
set in motion one of them with a constant velocity along a 
closed curve till it comes back to A, the journey being 
completed in /-seconds, then after arrival, the last men- 

tioned clock will be behind the stationary one by 

seconds. From this, we conclude that a clock placed at 
the equator must be slower by a very small amount than a 
similarly constructed clock which is placed at the pole, all 
other conditions being identical. 

§ 5. Addition-Theorem of Velocities. 

Let a point move in the system k (which moves with 
velocity v along the ;p-axis of the system K) according to 
the equation 

i=o, 

where Wt and are constants. 

It is required to find out the motion of the point 
relative to the system K. If we now introduce the systetn 
of equations in § 3 in the equation of motion of the point, 
we obtain 
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The law of parallelogi-am of velocities hold up to the 
first order of approximation. We can put 

'’■={ m)’+( lO’’ 


and 


a = tan” 


7\e,, a is put equal to the angle between the velocities 
and tv. we have — 


U= 


[(y»+*c»+2t.«;cosa)- ( 


1 + 


It should be noticed that v and tr enter into the 
expression for velocity symmetrically. If w has the direction 
of the ^-axis of the moving system, 

,r__ 

1 + 


From this e<juation, we see that by combining two 
velocities, each of which is smaller than r, we obtain a 
velocity which is always smaller than r. If we pul. 
and where x i*'*id A are each smaller than e, 

U=c <r. 

2r— X— A,+ 

It is also clear that the velocity of light c cannot be 
altered by adding to it a velocity smaller than c. For this 
case, 


# Vide Not^ 
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We have obtained the formula for U for the ease when 
V and IV have the same direction, it can also be obtained 
by combining two transformations according to section 
§ 3. If in addition to the systems K, and k, we intro- 
duce the system k', of which the initial point moves 
j)arallel to the i-axis with velocity then between the 
magnitudes, x, y, c', ( and the corresponding magnitudes 
of k', we obtain a system of equations, which differ from 
the equations in §3, only in the respect that in place of 
7*, we shall have to write, 

,We see that such a parallel transformation forms a 
grou)i. 

We have deduced the kinematics corresponding to our 
two fundamental principles for the laws necessary for us, 
and we shall now pass over to their ap|)Iicatioii in electro- 
dynamics. 


lI.-EliECTBODYNAMICAI. FABT. 

§ 6. Transformation of 'Maxwell's equations for 
Pure Vacuum. 

Oj/ the nature af the Mlectroutolire Force caused hy motion 
in a magnetic field. 

The Maxwell-Hertz equations for pure vacuum may 
hold for the stationary system K, so that 

9 9 

^ ® [x,Y,z]= Qy 

(• 0‘ 


M N 
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and 


9 9 9 

^ [L, M, NJ= 9 .« dy 02 

C O i 

X y z 


( 1 ) 


\v;here [X, Y, Z] are the corapoiients of ^the electric 
force, L,*M, N are the components of the magnetic force. 

If we apjily the transformations in §3 to these equa- 
tions, and if we refer the eleetrorriaj^netic processes to the 
co-ordinate system moving with velocity r, we obtain. 


- P [X, fi(Y- ” N),/ 1 (Z + ” M)l = 
r o T c 


a 

0 ^ 


0 

dy 


9 . ! 

0 ^ 


J. fi{M+ -Z) )8(N- ”Y) 

(* c 


and 

1 P - lli, /i(W +'■/>), /«(N- "Y) I 

r C3 T c c 


a . a 

0 ^ dv 


0 

0 ^ 


X /8(Z+-M)i 

c c 


, ... ( 2 ) 


where /iJ= 7 


1 




The principle of Bela^ivity requires that the Maxwell- 
Hertzian equations for pure vacuum shall hold also for the 
System k, if they hold for ‘he system K, i.e,, for th^ 
vectors of the electric and magnetic forces acting upon 
electric and^lnagnetic masses in the moving system k. 
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which are defined by their pondermotive reaction, the same 
equations hold, . . . ix, . . . 


1 

i 

a 

a 

a 

II 

>- 

a^ 

dv 

ICO 


1 17 

M' 

N' 


; 0 

\ 9 (L'. M', TS''; = --1 9f 

- ar I 

' X' 


a a_ 

ar, ai 

Y' 7/ 


(3) 


Clearly both the systems of equations (2) and (3) 
developed for the system k shall express the same things, 
for "both of these systems are equivalent to the Maxwell- 
Hertzian equations for the system K, Since both the 
systems of equations (2) and (3) agree uj) to the symbols 
representing the vectors, it follows that the functions 
occurring at corresponding places will agree up to a certain 
factor xf/ (i^), which depends only on r, and is independent of 
($9 Vf if Hence the relations, 

\X', Y', Z'J=^ 0 ) [x, ^ (Y- ''X), (Z+ .’‘M)], 

c c 

[17, M', N']=.A ('0 [h, ,8 (M+ z;, ^ (N- r Y)]. 

Then by reasoning similar <o that followed in §(3), 
it can be shown that i^(t’)=l. 

.% [X', Y', Z']=[X, ,8 (Y- ^N), ,8 (Z+ "M)] 

( G 


[L', M', N']=[L, ,8 (W + Z), /3 (N- ® Y)]. 

c 
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For the interpretation of these equations, we make the 
following remarks. Let us have a point-mass of electricity 
which is of magnitude unity in the stationary system K, 
it exerts a unit force u]>on a similar quantity placed at 
a distance of 1 cm. If this quantity of electricity be at 
rest in the stationary system, then the force acting* upon it 
is equivalent to the vector (X, V, Z) of electric force. But 
if the quantity of olcetricity be at rest relative to the 
moving system (at least for the moment considered), then 
the force acting u[)on it, and measured in the moving 
system is equivalent to the vector (X', Y', Z'). The first 
three of equations (1), (2), (3), can be expressed in the 
following way : — 

1. If a point-mass of electric unit pole moves in an 
electro-magnetic field, then besides the electric force, an 
electromotive force acts upon it, which, neglecting the 
numbers* involving the second and higher powers of v/Cy 
is equivalent to the vector-product of the velocity vector, 
and the magnetic force divided by the velocity of light 
(Old mode of expression). 

5.* If a point-mass of electric unit pole moves in 
an electro-magnetic field, then the force acting upon it is 
equivalent to the electric force existing at the position of 
the unit pole, which we obtain by the transformation of 
the field to a co-ordinate system which is at rest relative 
to fhe electric unit pole [New mode of expression]. 

Similar theorems hold with reference to the magnetic 
force. We* see that in the theory developed the electro- 
magnetic force pjaysr the part of an auxiliary concept, 
which owes its introduction in theory to the circumstance, 
that the electric and magnetic forces possess no existence 
independent of the nature of motion of the co-ordinate 
system. 
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It is further clear that the assy me try mentioned in the 
introduction which occurs when we treat of the current 
excited by the relative motion of a magnet and a con- 
ductor disappears. Also the question about the seat of 
electromagnetic energy is seen to be without any meaning. 


§ 7. Theory of Doppler’s Principle and Aberration. 


In the system K, at a great distance from the origin of 
co-ordinates, let there be a source of electrodynamic waves, 
which is represented witli sufiicient approximation in a part 
of space not containing the origin, by the equations : — 


X=X„ sin <!> 

I 

Y=:Jo shi ^ i- 

I 

Z = Z„ sill J 


L=:L„ sill ^ 
M =lMo sin 4> | 
N=:N(, sin<^ I 




Here (X,^, Y^, Z„) and (L„, No) are the vectors 
which determine the amplitudes of the train of waves, 
(/, w, n) are the direction-cosines of the wave-ilormal. 

Let us now ask ourselves about the composition of 
these waves, when they are investigated by an observer at 
rest in a moving medium A : — By applying the equations of 
transformation obtained in §6 for the electric and magnetic 
forces, and the equations of transformation obtained in § 3 
for the co-ordinates, and time, we obtain immediately : — 


X'=Xo sin 4>' 
Z' =)3 (z„4- 


jy=Lo sin 

I N„) sin 4>' M'=/3 + C Z„'j sin 4>' 

t 

I Mo) sin, 4>' N'=;8 No - ^ Yo) sin 

j, 
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where 



From the equation for o/ it follows: — If an observer* moves 
with the t^elocity v relative to an infinitely distant source 
of light emitting waves of frequency v, in such a manner 
that the line joining the source of light and the observer 
makes an angle of ^ with the velocity of the observer 
referred to a system of co-ordinates which is stationary 
with regard to the source, then the frequency v' which 
is perceived by the observer is represented by the formula 

1— cos^^ 


r 



This is l)()|)pler^s principle for any velocity. If ^=o, 
then the ecpiation takes the simple form 


c 


1 + 


We see that — contrary to the usual conception — v=:oo, 
for 

If <^'=:angle between the wave-normal (direction of the 
ray) in the Tnovii^g system, and the line of motion of the 
observer;^ the equation for takes the form. 


cos<h— 


cos 


cos^ 
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This equation expresses the law of observation in its 
most general form. If4>=:^, the equation takes the 
simple form 


(*OS . 

/• 

We have still to investigate the ain])litude of the 
waves, which occur in these ecpiations. If A and A' be 
the amplitudes in the stationary and tlie moving systems 
(either electrical or magnetic), we have 





If 4>=o, this reduces to the simple form 

c 

A'*=A’ — , 

1 + - 

e 

From these equations, it appears that for an observer, 
which moves with the velocity' c towards the source of 
light, the source should appear inffnitelj’ intense. 


§ 8. Transformation of the Energy of the Bays of 
Light. Theory of the Badiation-pressnre 
on a perfect mirror. 


Since 


A* 

- - is etpial to the 


volume, we have to regard 


4 !! 

Sir 


as the energy of light in 
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the moving system. 


A'* 

A* 


would therefore denote the 


ratio between the energies of a definite light-complex 
‘^measured when moving^’ and ^‘measured when stationary/’ 
the volumes of the light-complex measured in K and k 
beiqg equal. Yet this is not the case. If /, w, ji are the 
direction-cosines of the wave-normal of light in the 
stationary system, then no energy passes through the 
surface eibrnents of the sjiherical surface 


(.r — c//)* + (y — e/M/)* -f (r — rw/)* =:R“, 


which expands with the velocity of light. We can therefore 
say, that this surface always encloses the same lighi -complex* 
Let us now consider ihe quanlity of energy, which Yhis ^ 
surface encloses, when regarded from the system /.e., 
the energy of the light-complex relative to the system 


Regarded* from the moving system, the spherical 
surface becomes an ellipsoidal surface, having, at the time 
T=0, the equation : — 

iy+ t‘y+ ( c-np '’^y=K» 

If 8= volume of the sphere, S' = volume of this 
ellipsoid, then a simpJe calculation shows that : 

S'_ 

If E denotes the quantity of light energy measured m 
the stationaj^ system, E' the quantity measured in the 
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moving system, which are enclosed by the surfaces 
mentioned above, then 


E' 

E 


Sir 

A"" 


Stt 


1~ 


COS <P 

c 




If 4>=0, we have the simple formula : — 


E' 

E 


1 - 
1 + 


r 

V 


It is to be noticed that the energy and the frequency 
of a light-complex vary according to the same law with 
the olate of motion of the observer. 

Let ihere be a perfectly retleel.ing mirror at the co-or- 
dinate-‘j)lane ^=0, from which the plane- wave considered 
in the last paragraph is reflected. Let us now ask ourselves 
about t,he light-pressure exerted on the reflecting surface 
and the direction, frequency, intensify of fhe light after 
reflexion. 

Let tbe incident light be defined by the magnitudes 
A eos 4>, r (referred to tlie system K). Regarded from A-, 
we have the corresponding magnitudes : 


A'r=:A 


1 ~ ^ l*OS 

c 



eos ’ 

eos 0' = 

1— ^ cos 4> 
c 


1 — ^ cos 4> 
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For the reilected light we obtain, when the proceijs 
is referred to the system h : — 

A" = A', cos 4>"= —cos 4>', u'=v. 


By means of a back-transformation to the stationary 
system, we obtain K, for the reJiected light 


1-|- ^ COS 4>" 1 — 2 - cos 4? -f- — 

A''' = A" - - =A -!■’ 


• vk: 


1 


cos 4)" + 


cos ^'" = 


1 + 


cos 4^" 


1-2 r-o.s 


1 + - COS 4^" 
c 


1 — 2 cos ' 

(• 


( )■ 


The anioimt or energy tailing upon the unit surface 
of the mirror per unit of time (measured in the stationary 

A 2 

system) is . The amount of energy going 

^ 8Mccos4>— to s, 

away from unit surface of, the mirror j)er unit of time is 
A'"*/87r (— -c cos 4>"-f- r). The difference of these two 
expi*hssions is, according to the Energy principle, the 
amount of work exerted, by the pressure of light j)er U!iii 
^of time. If»we ]nit this ef|iia.l to P.r, where P= pressure 
of light, we have • 
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• k 

As a lirst approximation, we obtain 
P=2 4' cos’ 

OTT 

which, is in accordance with facts, and with other 
theories. < 

All problems of optics of moving bodies can be solved 
after the method used here. The essential point* is, that 
the electric and magnetic forces of light, which are 
influenced by a moving body, should be transformed to a 
system of eo-ordinates which is stationary relative to the 
body. In this way, every ]»roblem of the optics of moving 
bodies would be reduced to a series of problems of the 
optics of stationary bodies. 


§ 9. Transformation of the Maxwell-Hertz Equations. 

Let us start from the equations 


dfj 

8N 

' 02/ 

_0M 

dz 

1 aL_ 

c Qt 


- 

+ PJ) 

, _aL 


, 10M_ 

1 c'Ql 

az 


dt ) 

a'i 

0.11 i 

a..i! 

0J 


-aJ^i 

aL 

l.^_ 

P^ 

_0Y 

dt) 

" 0,P 

Qif I 

c. Q t 

ay 

0,<; 


where p= 4-^;^ , denotes 4Tr times the density 

. 0^; 0y 0:^ 


' of electricity, and u,) are the velocity -components 

of electricity. If we now suppose that the electrical- 
masses are bound unchangeably to small, ^ rigid bodies 
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(Ions, electrons), then these equations form the electromaj^- 
netic basis of Lorentz’s electrodynamics and optics for 
moving bodies. 

If these equations which hold in the system K, are 
transformed to the system k with the aid of the transfer- 
nation-equations yiven in § -I and § (i, theq we obtain 
the equations : — 


1 r »' w 4- 9 X' 1 ^ 0 N'_ 0 M' 0_b' 0J'_ 0 Z' 

cL ^ 0T J 0r/ 0i ’ 0T 0^ 0j/ ’ 


1 [ .'n 4. 1 = 9 = 0Z'_ 0X' 

f. L 0T J 0^ 0f ’ 0T 0f 0^ ’ 


^ ro'». 4-9^"'!= -9'-' 9K'^0X'_^’ 

c i 0T J di 01/ ’ 0T 0r; 0| 

where 

n, — V 

' =11, 

2_ n,o i - 




ax' ar , ez' 

%."-■§?+ 8,+ a< 






• Since the vector u u.y ) is nothing bqt the 

velocity of tKe electrical mass measured in the system kf 
as can be easily seen from the addition-theorem of 
velocities it/ § 4 — so it is hereby shown, that by taking 
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Our kineriiatical principle as the basis, the electromagnetic 
basis of Lorentz^s theory of electrodynamics of moving 
bodies correspond to the relativity-postulate. It can be 
briefly remarked here that the following important law 
follows easily from the equations developed in the present 
section : — if an electrically charged body moves in any 
manner in space, and if its charge does not change thereby, 
when regarded from a system moving along ^^fith it, then 
the charge remains constant even when it is regarded from 
the stationary system K. * 


§ 10. Dynamics of the Electron (slowly accelerated). 

Let us suppose that a point-shaped particle, having 
the electrical charge e (to be called henceforth the electron) 
moves in the electromagnetic field ; we assume the 
following about its law of motion. 

If the electron be at rest at any definite epoch, then 
in the next of time/* the motion takes place 

according to the equations 


7)1 


dy 


, ))i 


d'^y 




d‘^z 

dt^ 


=:eZ, 


Where (.r, //, are the co-ordinates of the electron, and 
m is its mass. 

Let the electron possess the velocity at a certain 
epoch of time. Let us now investigate the laws according / 
to which the electron will meve in the 'particle of time * 
immediately following this epoch. 

Without influencing the generality of treatment, we can 
and we will assume that, at the moment we are considering, 
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the electron is at the origin of co-ordinates, and moves 
with the velocity v along the X-axis of the system. It is 
clear that afc this moment (^=0) fhe electron is at rest 
relative to the system k\ which moves parallel to the X-axis 
with the constant velocity ?*. 

From the suppositions made above, in combination 
with the principle of relativity, it is clear that regarded 
from the system A‘, the electron moves according to the 
equations 




r/T« 


U =.Y' 






in t lie t ime inimediat.ely following the ]noTnemt, where the 
synil)ols ($, r), T, X', Y\ //) refer to t he systeni l\ If we 
now tix, that' for ~ then the 

equations of transfornuition given in (aiul G) hold, and wo 
have : 


T 



X' = .T. 


/— 4 7/ = 7/, f=.:, 

Y'=fS ^ Y- ' N 'j .7/ rr. ft ^ 7 + 


V 

r 





With the aid of tlifse e([ua1ions, we can transform the 
^jaJjove equations of motion from the system /»■ to the system 
\K, and obtairi : — 


=1 1.X ^ 

111 \ <? / 


(A) 


d^: 

dt^ 


' ifz+r m) 

n ft \ c / 
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a?. 

Let us now consider, following the usual method of 
treatment, the longitudinal and transversal mass of a 
moving electron. We write the equations (A) in the form 

=eX=eX' 

' dt’‘ 

f- 

'n] 

"‘f %• 'i “] 

and let us first remark, that eX', eY\ e7J are the com- 
ponents of the ponderomotiv(‘ force acting upon the 
electron, and are considered in a moving system which, at 
this moment, moves with a veloeitv which is equal to that 
of the electron. This force can, for example, be measured 
by means of a spring-balance which is at rest in this last 
system. If we briefly call this force as ‘^the force acting 
upon the electron,” and maintain the equation : — 

Mass-number x acceleration-number =r force-number, and 
if we further fix that the accelerations are measured in 
the stationary system K, then from the above equations, 
we obtain : — 

Longitudinal massrr 



N 

=eY' [ 



Transversal mass = 

Naturally, when other definitions are g^en of the force 
and the acceleration, other numbers are obtained for the 



* Vide Note 21. 
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mass ; hence we see that we must proceed very carefully 
in comparing the different theories of the motion of the 
electron. 

We remark that this result about the mass hold also 
for [)oiiderable material mass ; for in our sense, a ponder- 
able/' material i)oiut- may be made into an electron by the 
addition of an electrical charj^e which may be as small as 
possible. 

Let ns now determim' the kinetic energy of the 
electron. If the electron moves from the origin of co-or- 
dinates of the system K witli the initial velocity 0 steadily 
along the X-axis under the action of an electromotive 
force X, then it is clear that the energy drawn from the 
electrostatic field has the value Since the electron 

is only slowly accelerated, and in eonsetpienee, no energy 
is given out in the form of radiation, theridore the energy 
drawn froin the electro-static- lield may b(^ put eipial to 
the energy W of motion. Considering the whole process of 
motion in (jiiestions, the lirst of e<j nations A) holds, we 
obtain ; — 


r 



Fpr W is infinitely great. As our former result 
shows, velocities exceeding that of light can have no 
^pbssibility of existence. 

In consequence of the arguments mentioned above, 
this expression for , kinetic energy must also hold for 
ponderable masses. 

We can n5w enumerate the characteristics of the ‘ 
motion of the electrous available for experimental verilica- 
tioD, which follow from e(|uations A). 
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1. From the second of equations A) ; it follows that 
an electrical force Y, and a magnetic force N ju’oduce 
equal deflexions of an electron moving with the velocity 

N'/; 

V, when Y= Therefore we see that according to 

' 

our theorj', it is possible to obtain the velocity of an 
electron from the ratio of the magnetic deflexion An,, and 
the electric deflexion A,, by applying the law : — 

An. 

A , 0 

This relation can be tested by means of experiments 
because the velocity of the electron can be directly 
measured by means of rapidly oscillating electric and 
magnetic fields. 

2. From the value which is deduced for tlie kinetic 
energy of the electron, it follows that when the electron 
falls through a potential difference of P, the velocity v 
which is acquired is given by the following relation : — 



8. We calculate tlie nldins of curvature R of the 
where the only deflecting force is a magnetic force N 
acting perjiendicular to the velocity of projection. From 
the second of e(juations A) we obtain ; 


or 

4 


d^y 

dt* 


' N a/i- 

it in c ^ ‘ 


11= . 

eN 


These three relations are comjilete oljiressions for the 
law of motion of the electron according to the above 
-theory. 



ALBllECHT EINSTEIN 

ah or! hiofjmphioal nnie?\ 

The name of Prof. Albreelit Hinslein has now spread far 
l)e};pn(l tlie narrow [)ale of scienlilie invest igalor^ owing io 
the brilliant eontirniation of his predict (*(1 delleetion of 
light- ravs bv the gravitational field of the sun tluring the 
total solfir eolipsf‘ of May 11) Mb But tf> the serious 
student of science, he has been known from the beginning 
of the current century, and many dark problems in physics 
has been illuminated with the lustre of his genius, before, 
owing to the latest sensation just mentioned, he flashes out 
before public imagination as a seientillc star of the first 
magnitiide, 

Einstein is a Swiss-German of Jewish extraction, and 
began his scientific career as a privat-dozent in the Swiss 
Universit}' of Zurich about the year 1902. Later on, he 
migrated to the (ferman University of Prague in Bohemia 
as ausser-ordentlicho (or associate) Professor. In 1914, 
through the exertions of Prof. M. Planck of the Berlin 
University, he was api)ointed a paid member of the Royal 
(now National) Prussian Academy of Sciences, on a 
salary of 18^000 marks pei’ year. In this jiost, he has 
only to do and guide research work. Another distinguished 
occupant of the same post was VanT ilolT, the eminent 
ph)"sical chemist. 

It is rather diflieult to give a detailed, and consistent 
chronological account of his scientific activities, — they are 
so variegated, and cover such a wide field. The first work 
which gained him distinction was an investigation on 
Brownian Movement. An adu»irahle account will be found 
in Perrin’s book ^The Atoms.’ Starting from Boltzmann^s 
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theorem eonnectinsf the entropy, and the probability of a 
state, he deduced a formula on the mean displacement of 
small pailicles (colloidal) suspended in a liquid. This 
formula gives us one of the best methods for finding out a 
very fundamental number in physics — namely — the number 
of nrolecules in one gm. molecule of gas (Avogadro^s 
number). * The formula was shortly afterwards *verifie(t by 
Perrin, Prof, of Chemical Physics in the Sorbonne, Paris. 

To Einstein is also due the resusoiation of, Planck^s 
quantum theory of energy -emission. This theory has not 
yet caught the popular imagination to the same extent as 
the new theory of Time, and Space, but it. is none the less 
iconoclastic in its scope as far as classical concepts are 
concerned. It was known for a long time that the 
obstuwed emission of light from a heated black body did 
not correspond to the foimula which could be deduced from 
the older classical theories of continuous emission and 
propagation. In the year lt)00, Prof. Planck of the Berlin 
University worked out a formula which was based on the 
bold assiiiiiption that energy was emitted and absorbed by 
the molecules in multijdes ol the ([uantity hv, where h 
is a constant (which is universal Ukv the constant of 
gravitation), and v is the frequency of tbe light. 

The conception was .so radically dilTerent from all 
accepted theories that in .sjnte of tlie great success of 
Planck^s radiation formula in ex])]aining the observed facts 
of black-body radiation, it did not meet with much favour 
from the physicists. In fact, some one remarked jocularly 
that according to Planck, energy dies out of a radiator like 
a swarm of gnats, 

But Einstein found a support for the new-born concept 
in another direction. It was known that if green or ultraviolet 
light was allowed to fall on a plate of some alkali metal, 
the plate lost electrons. The electrons were emitted with 
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all velocities, but there is generally a maximum limit. 
From the investigations of Lenard and Ladenburg, the 
curious discovery was made that this maximum velocity of 
emission did not at all depend upon the intensity of light, 
but upon its wavelength. The more violet was the light, 
the greater was the velocity of emission. * 

^ To account fur this fact, Einstein made the bold 
assumption that the light is propogated in space as a unit 
pulse (he calls it a Light-cell), and falling upon an 
individual atom, liberates electrons according to the energy 
equation 

/n'= -f A, 

where {m, v) are th(‘ mass and velocity of the electron. 
A is a constant characteristic of the metal plate. 

There was little material for the confirmation of Ihis 
law when it was firsi proposed (1905), and eleven years 
elapsed b(‘fore Prof. Millikan established, by a set of 
experiments scarcely rivalled for the ingenuity, skill, and 
care displayed, the absolute truth of the law. As results of 
this confirmation, and other brilliant triumphs, the quantum 
law is now regarded as a fundamental law of Energetics. 
In recent years, X-rays have l)een added to the domain of 
light, and in this direction also, Einstein’s photo-electric 
formula has proved to be one of the most fruitful 
conceptions in Physics, 

The quantum law was next extended by Einstein to the 
problems of decrease of specific heat at low temperature, 
and here also his theory was confirmed in a brilliant 
manner. 

AVe pass over his other contributions to the equation of 
state, to the problems of null-point energy, and photo- 
chemical reactions. The recent experimental works of 
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I^ernst and Warburg; soem to indicate that throujyh 
Einstein’s genius, we are probably l*or the first time having 
a satisfactory theory of photo-chemical action. 

In 1915, Einstein made an excursion into Experimental 
Physics, and hen; also, in his characteristic way, he tackled 
one of, the most fundamental eoncejds of Physics. It is 
well-known that according to Anij>ere, the magnetisation 
of iron and iron-like bodies, when placed within a coil 
carrying an electric current is due lo the (;xei(a1I<»n in the 
metal of small el(*etriea] circuits. But the conception 
though a very fruitful one, long remained without a trace 
of experimental proof, though after the discovery of tlie 
electron, it was generally believed that these molecular 
currents may be due to the rotational motion of free 
elections within the metal. It is easily seen that if in the 
process of magnetisation, a number of electrons be set into 
rotatory motion, then these will impart to the metal itself 
a turning couple. Tlie experiment is a rather difficult one, 
and many [ihysicisis tried in vain to observe the effect. 
But in collaboration with de Haas, Einstein planned and 
successfully carried out this experiment, and proved the 
essential correctness of Ampere’s views. 

Einstein’s studies on Relativity were commenced in the 
year 1905, and has been continued up to the present time. 
The first paper in the present collection forms Einstein’s 
first great contribution to the Principle of Special 
Relativity. We have reeoiuited in the introduction how out 
of the chaos and disorder into which the electrodynamics 
and o])tics of moving bodies had fallen previous to 1895, 
Lorentz, Einstein and Minkowski have .succeeded in 

• ^ i. 

building up a consistent, and fruitfn'i mw theory of T^me 
and Space. 

But Einstein was not satisfied with the study of the 
special problem of Relativity for uniform , motion, but 
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tried, in a series of papers beginning from 1911, to extend 
it to the case of non-uniform motion. The last jiajier in 
the present collection is a translation of a comprehensive 
article which he contributed to the Anualen der Physik in 
1916 on this subject, and gives, in his own words, the 
Psineiples of Generalized Relativity. The .triumphs of 
this theory are now maUers of public knowledge. 

Einstein is now only 45, and it is to be hoped that 
science will continue to be enriched, for a long time to 
come, with further achievements of his geniu.s. 




INTRODUCTION. 


At the present time, different opinions are beine^ held 
about the fundamental equations of Kloetro-dynamid?? for 
mofin^ bodies. The Ilerlzian'^" forms must be s^iven up, 
for it has ap[)eared that they are contrary to many experi- 
mental results. 

In 1895 II. A, Lorentzt published his theory of optical 
and electrical ])lienoniena in moving' bodies; this theory 
was based upo?i th(‘ atomistic conception (vorstellung) of 
electricity, and on account of its ^re;it ’success appears to 
have justified the l)ol(l hypotheses, by which it has been 
ushered inio existence. In his theory, Lorentz proceeds 
from certain equations, which must hold at every point of 
^^Ather’^; then by fonnin^j; the avera<ve values over ^^Phy- 
sically infinitely small ree^ions, which however contain 
large numbers of electrons, the erjuations for electro-mag- 
netic processes in moving bodies can be successfully built 
• «P- 

In particular, Lorentz/s theory gives a good account of 
the non-existence of relative ^potion of the earth and the 
luminiferous “ Ather ; it shoW'S that this fact is intimately 
connected with the covaiisPhce of the original equation, 
when certain simultaneous transformations of the sj)ace and 
time co-ordinates are idfected ; these transformations have 
Jbll^refore obtained from H. Poincarej: the name of Lorentz- 
t^:ansformation};. The covariance of, these fundamental 
equations, .when subjee|cd the Lorentz-transformation 
’is a jfurely mathematical fact t.e. not based on any plfysi- 
catconsiderationy; I will call this the Theorem of Rela* 
tivity ; this theorem rests essentially on the form of the 

* Vide Note 1, 


t Note 2. 


t Vide Note 3. 
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diffeiTntial equations for the propao^ation of waves with 
the veloeily of 

Now without recoguizina any hypothesis about the con- 
nection between Athor ’’ and niattei*, we can expect these 
mathematically evident theorems to have their consequences 
so far ext jndod— that thereby even those laws of ponder- 
able media whieh are yet unknown mfiy anyhow possess 
this covariance wlien subjected to a Loren tz-transformation ; 
by sayinp^ this, we do not indeed cx])ress an opinion, but 
rather a conviction, — and this conviction I may be permit- 
ted to call the Postulate of Relativity. The position of 
affairs here is almost the same as when the Principle of 
Conservation of Energy was poslutated in cases, where the 
corresponding forms of ene-^gy were unknown. 

Now if hereafter, we succeed in maintaining this 
covariance as a definite connection hetween pure and simple 
observable phenomena in moving bodies, the definite con- 
nection may be styled ^ the Principle of Relativity/ 

These differentiations seem to me to bo necessary for 
enabling us to characterise the present day position of the 
electro-dynamics for moving bodies. 

H. A. Lorentz* has found out the Relativity theorem” 
and has created the Relativity-postulate as a hypothesis 
that electrons and matter suffer contraetions in consequence 
of their motion according to a .certain law. 

A. Einsteint has brough^^ out the point very clearly, 
that this postulate is not an artificial hypothesis but is 
rather a new way of comprehending the time-concept 
which is forced upon us by observation of natural pheno- 
mena. 

The Principle of Relativity has net yet been formu- 
lated for electro-dynamics of moving bodies in the sense 


Fide Note 4. 


t Note 5. 
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characterized by me. ^‘In the jm'sent essay, while formu- 
lating' this princi])le, I shall obtain llie fundamental equa- 
tions for movini^ bodies in a sense wliieh is uniquely deter- 
mined by this princijde. 

But it will be shown that none of tlie fornis hitherto 
assumed for these ecjuations can exactly fit in with* this 
prinTiiple.* • ^ 

We would at first expect that the fundamental equa- 
tions which are assumed by Lorentz for moving bodies 
would correspond to the Relativity Principle. But it will 
be shown that this is not the case for the general equations 
which Lorentz has for any possible, and also for magnetic 
bodies ; but this is a})proximately the case (if neglect the 
square of the velocity of matter in comparison to the 
velocity of light) for those equations which Lorentz here- 
after infers for non-magnetie bodies. But this latter 
accordance with the Relativity Principle is due to the fact 
that the co’ndition of non-magnetisation has been formula- 
ted in a way not corrcs])onding to the Relativity Principle; 
therefore the ‘accordance is due to the fortuitous compensa- 
tion of two contradictions to the Relalivity- Postulate. 
But mq^n while enunciation of the Principle in a rigid 
manner does not signify any contradiction to the hypotheses 
of Loren tz’s molecular theory* hut it shall become clear that 
the assumption of the cmitraction of the electron in 
Loreiitz^s theory must be introduced at an earlier stage 
than Lorentz has actually dene. 

^ In an appendix, I liave gone into discussion of the 
position of tClassical Mechanics with respect to the 
Relativity Postulate. Any easily perceivable modification 
. of ijiechanics for satisfying the requirements of ^ the 
Relativity theory would hardly afford any noticeable 
difference in observable processes ; but would lead to very 


* See jiptes on § S and la 
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sarprisininr conspcjiieijees. Ry layin*; down the Relativitv- 
Postnlafe from the outset, suflicient means have been 
Croat f‘d for deducing* liericeforth the complete series of 
Laws of Mechanics from the principle of conservation of 
Energy alone (the form of the Encr^xy beins^ <;jiven in 
explicit forms). 


NOTATIONS. 

Let a rectfi uvular sj shMii xr, /,) of reference be 

given in space and time. The unit of time shall be chosen 
in such a manner with reference to the unit of length that 
the velocity of light in space becomes unity. 

Although T would prefer not to change the notations 
us6i by Lorentz, it appears important to me to use a 
different selection of symbols, for thereby certain homo- 
geneity will a|)])ear from the very beginning. I shall 
denote the vector electric force l>y E, the magnetic 
induction by M, the electric induction by e and the 
magnetic force by w, so that (E, M, f', m) are used instead 
of Lorentz^s (E, R, D, 11) respectively. 

I shall further make use of complex magnitudes in a 
way which is not yet current in ])hysical investigations, 
i.e., instead of operating with (/), T shall oi)erate with {it), 
where i denotes — Tf noVv instead of (.r, ?/, z, it), I 
use the method of writing with indices, certain essential 
circumstances will come into ovit^once ; on this will be 
based a general use of the suffixes (1, 2, 3, 4). The 
advantage of this method will be, as I expressly emj)hasiz 2 
here, that wc shall have to Ifandle symbols which have 
apparently a purely real appearance ; we can however at 
any moment pass to real equations if it is 'J- understood that 
of the symlbols with indices, such ones as have the suffix 
4 only once, denote imaginary quantities, while those 
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which have not at all the suffix 4, or have it twice denote 
real quantities. 

An individual system of values of (x, y, z, t) i. of 
(a?j 0*2 *Q shall he called a space-time point. 

Further let u denote the velocity vector of matter, c the 
dielectric constant, the mai^netic permeability, or the 
conductivity of matter, while p denotes ibe density of 
electricity in space, and s the vector of '^Electric Current’’ 
which shall some across in §7 and §8. 
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PART I § 2. 

The Limiting Case. 

The Fundamental Equations for Ather. 

B3J usin^ the electron theory, Loren tz in his above 
mentioned ^essay traces the Laws of Electro-dynamics, of 
Ponderable Bodies to still simpler laws. Let us now adhere 
to these simjder laws, whereby we require that for the 
limittin^ case €=I, ^=i,<r=o, they should constitute the 
laws for ponderable bodies. In this ideal liraitting case 
€= 1 , fi=l, <T=o, E will be equal to <?, and M to m. At 
every space time point (^, y, z, f) we shall have the 
equations* 

(i) Curl»»— |^=P« 

(ii) div e= p 

(iii) Curl ^ 

(iv) divm=r/ 

I shall now write ^3 ,r,^) for y, z, t) and 

{Pt>Pt, Ps’ P4) fo'' 

(pu,, piiy, pu,, ip) 

i.e. the components of the convection current pu, and the 
electric density multiplied by i. 

Further I shall write 

f Z\'> f J \ Aif '2 Ay f Zi’ 

for 

m,, rn^, m,,— ie,, — ie ,~-ie,. 

the components of m and (— z.e.) along the ttiree axes; 
now if we take any two indices (h. k) out of the series 
3 , 4 ), ^ 


Sec note 9 
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Therefore 

./s 2 ~ ““c/ 2 3 > */* 13“ Ti 1 > ./ 2 1 “ /*! 2 

1 “ ~y I 4 > 4 “ “/‘J 45 / 43 “ 3 4 

Then the three e<T[iiations comprised in (i), and the 
equation (ii) multiplied by / becomes . 


Sx, 

8x, 

S/4, 



+ 

8/m 

4" 

^ / 1 4 


8x, 

8x.. 

8x^ 




3 A, 3 


SA 4 



+ 

SX-; 

X 

8x4 


2 



4- 

“64 

81 4 

= P3 

8X2 







(A) 


On the other hand^ the three equations comprised in (iii) 
and the (iv) equation multiplied by (?) becomes 




6f 





Sx J 



84, 

+ 

8 A. 

8xj 

Sxj 



8 /. 2 

8 x, 

+ 

8*2 


4 2 , 2 

S/m 
S s.i 


= 0 


+ 8x4 “ ^ 


y,, 

81 4 


8x. 


=: 0 


= 0 


(B) 


,By means of this metliod of writing we at once notice 
the perfect symmetry of the 1st as well as the 2nd system 
*of equations as regards permutation with the indices. 

• (1, 2, 3, 4).! 

. • 

§ 3. 

• • 

* It is well^nown that by writing the equations i) tc 
it) in the symbol of vector calculus, we at once set in 
evidence aif invariance (or rather a (covariance) of the 
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sTstem of equations A) as well as of B), when the co-ordinate 
system is rotated through a certain amount round the 
null-point. For example, if we take a rotation of the 
axes round the z-axis. through an amount keeping 
e, m fixed in space, and introduce new variables 
X instead of j'g ^3 where 

x\ =afj cos ^ sin <^, .r'.^ =r — a-, sin<^ + x^ cos<^, 

•'3 X4, and introduce magnitudes p'g, p\ 

where p/ ^ cos <f> *+• pg sin^, pg' = — 0, sin<^ -h py cos<^ 


and/'i„ .. 

• ••• 

/ 

./ 3 4> 

where 



/ 2 3 ~f 2 3 

COS </> 

+ /31 

sin 3 1 = 

-/,3 sin if, 

-f 




At 

30S s = 

\f 1 s > 

/.4=/.4 

cos 

+ .A 4 

sin ^,.As 4 - 

— 4 sin ^ 

-f 




A 4 

cos 4‘,j' 3i = 

; A 4 > 


; i ~ * 

“ f k k 

(h 1 k = 1, 2, 

8, 4). 



then out of the equations (A) would follow a corres- 
ponding system of dashed equations (A') composed of the 
newly introduced dashed magnitudes. 

So upon the ground of symmetry alone of the equa- 
tions (A) and (B) concerning the svffi. es ( 1 , 2 , 3, 4 ), the 
theorem of Relativity, which was found out by Lorentz, 
follows without any calculation at all. 

I will denote by til/ a purely imaginary magnitude, 
and consider the substitution 

'^'1 ~ *‘’3 cos sin i*l/, ( 1 ) 

r/ sin fi/r 4 . cos tif/y 

Putting - i tan Vr= ^ log (t) 

e +fi 
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Wo shall have cos i\\f = 


1 . iq 

2i Sin t\l/ = 






where — i < ? < h and \/l— is always to be taken 
with the positive si^n. 


Let us now write x\ = .r/o *^'3 ssxr', ( 3 ) 

then the substitution 1) takes the form * 


the cooffieieiits beinj^ essentially real. 


( 4 ) 


If now in the above-mentioned rotation round the 
Z-axis, we rei)laee 1 , 2, 3 , 4 throus^hout by 3 , 4 , 1 , 2, and 
</> by rif/j we at once perceive that simultaneously, new 
magnitudes f)\, p'o, p\, p'4, where 

{p't-Piy P2-P^2> p't}=P3 cos iif/ + P4 sin tij/, p\=z 


-~P3 sin eV + P4 cos 

and/', 2 "'licre 

«os# + /,3 sin ?>,/,3= sin +/t3 

cos /<A,/' 3 i=A 4 ./:> 3=/32 cos +/4g sin 

“/3 2 'V' + /.12 f 12 =/l 3 > /** = —/'a*. 

must be introduced. Then the sj^stems of ecpiations in 
(A) and (B) are transformed'iuto equations (A'), and (B'), 
the new equations being obtained by simply dashing the 
old set. 

4 

xill these equations can be written in purely real figures, 
jmd we can then formulate the last result as follows. 


» If the res^l transformations 4 ) are taken, and x' y z' V 
be takes as a new framij of 'reference, then 'we shall have 
-—qn, +1~ 


( 5 ) 


, r—qn,+i.-\ , , r 

ll/ 


p'u,'=fm„ p'u,'-=pA,; 
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( 6 ) 


. , _ g e.+m, , 

> ™ r “• _) "» — -Cg. 

a/1—5* a/1—5* 


(7) m'.' = 


m.+qe, 
a/ 1—5* 


qm.+e. 


a/ 1-5* 


m\ 


Tl^en we have for these newly introduced vectors v,\ e , 
mf (with coj[iponents u/ ; ej, e/ y mj y th^'y 

and the quantity p a scries of equations I'), II'), 
III'), IV') which are obtained from I), II), III), IV) by 
simply dashing the symbols. 

We remark here that e^--qmyy ey+9m^ are components 
of the vector e+ [vm'], where r is a vector in the direction 
of the positive Z-axis, and i v 1 =/^, and [?;w.] is the vector 
product of V and?;^ ; similarly —qe^ + m,yy m^-\-qey are the 
components of the vector w — [y^]. 

The equations 6) and 7), as they stand in pairs, can be 
expressed as. 

= cos + {e^+imy) sin zxj/, 

fiy' + zWy' = — (c,+zm, ) sin + (ey +»my) cos tij/, 
/=:e\ q-^'w,. 

If if) denotes any other real angle, we can form the 
following combinations : — 

(t?,'4-iW,') cos. <l>+ O'iy " sin 
=:(e,+zm,) cos. (^4'^'V^) + (^y H-7*?/iy ) sin {<t> + ixlr), 

= (e','+^W,') sin <l>+ie/+tm',') cos. <j> t 

= — (e.+»w,) sin (<f,+i\l/) + (e,+im,) cos. 


SPBCiAji Lorentz Transformation. 

The r61e which is played by the Z-axis in the transfor- 
mation (4) can easily be transferred to ^ny other axis 
when the system of axes are subjected to a transformation 
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about this last axis. So we came to a more general 
law : — 

Let V be a vector with the components v*, Vy, v,y 
and let | v | =(y<l. By v we shall denote any vector 
which is perpendicular to and by r-^ we shall llenote 
eomponenis o£ r in direction of and v. 

Instead of {x, r, ^), new magnetudes [x’ y z //) will 
be introduced in the following way. If for the sake of 
shortness, r is written for the vector with the components 
Or, j/, z) in the first system of reference, r' for the same 
vector with the components {x' y z') in the second system 
of reference, then for the direction of v, we have 


( 10 ) 


r^—rft 

^7l— <7 


and for the perpendicular direction v, 

(11) •r v=r^ 

and further ( 12 ) t'= . 


• The notations (rV, r'„) are to be understood in the sense 
that w^th the directions?;, and every direction iT perpendi- 
cular to ?; in the system (.^, y, z) are always associated 
the directions with the same direction cosines in the system 
(.•' ?y, 


A transformation which is accomplished by means of 
( 10 ), ( 11 ), ( 12 ) with *1-116 condition 0 <^<l will be called 
a special Lgrentz-transformation. We shall call v the 
'Vector, the direction of p^the axis, and the magnitude 

of V the lAoment of, this transformation. 

• • 

If further p and the vectors m' , in the system 

{x'y'z') are so aefined that. 





p'u-r=, pit,, 
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further 

(H) 


(e -k-im') 


v^r-7» 


(1 5) ((?' + ini) , = [c -f ini) — i [?ij (e + im)] r • 


Th^en it follows that tho equations I), II), III)^ IV) are 
transfornieAinto the corresponding system with dashes,* 
The solution of the equations (10), (11), (l^) leads to 


(16) 


f,. 

— r , 'll, — ' V) 

V 1— 


Now we shall make a very important observation 
about the vectors ib and u. We can again introduce 
the indices ], 3, 8, I, so that we write x./, .r^', x/) 

instead of (.c/, y\ it!) and pj. Pa', pj instead of 
{f>'u\\p^n\\p’u\\ip\ 


Like the rotation round the Z-axis, the transformation 
(4), and more generally the transformations (10), (1 1), 
(Li), are also linear transformations with the determinant 
-f-1, sothat 


(17) /. c. 

is transformed into 

I 

On the basis of the equations (13), (14), we shall have 

(Pi®+p»®+ps®+P4^)=P®(l— 

transformed into p®(l— ?i®) or in other words, , 

(18) p i 

is an invariant in a Loren tz-traiisformation. 

If wo divide (p^, p,, pj,, p^) by this magnitude, we obtain ' 
" " » 1 

the four values (w^, Wg, o>,, cd^) = (/t,, n,, i) 

VI — 

so that <Di* + Wg*4-u)3*4-w**=— 1. 

It is apparent tliat these four values, arc determined 
by the vector u an^d inversely the vector u oi’ magnitude 
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<1 follows from the 4 values Wj, Wg, 0 ) 3 , ; where 

(w^, 0 ) 3 , o) J are real, — real and positive and condition 
(19) is fulfilled. 

The meaninj^ of (wj, W 3 , cu.^) here is, that they are 
the ratios of (U^, d,r^, d d.L\ to 

^ 20 ) ^ -f dA'.^ - + (i.r., *-* 4 - (Ix^ ^ —dt V\ Jt 7^2 ^ 

The dilferentials denoting the displacements of matter 
occupying* the sjiacetimo point (r^, x.^, x^) to the 

adjacent space-time j)oint. 

After the Loren tz-transfornation is accomplished the 
vococity of matter in the new system of reference for the 
same space-time point ('/ //' (!) is the vector n! with tlie 

dd dlf' drj dl' 

dr -.U” d?’ components. 

Now it is (piito apparent that the system of values 

• j '’2 — ^2’ ^3 '^'4 

is transformed into the values 

af^ =r(i)^ j x.^ =^3 , ajg =a >3 , 

^in virtue of the Lorentz-transform*ation ( 10 ), ( 11 ), (L 2 ). 

TheMashed systenn has ^ot the same rneaniui:^* for the 
velocity /d after llie transformation as the first system 
of values has <T(>t for before transformation. 

If in particular the ve(?tor ?’ of the special Lorentz- 
transformation be ecpial to the velecity vector 7c of matter at 
the space-time jioint (jj^, x^) then it follows out of 

.( 10 ), ( 11 ), ( 12 ) that 

^ ^ a)^' = 0 , a)a'= 0 , cUj'rzo, 

Under*these cireunisrtances therefore, the' corresponding^ 
space-time ])oint has the velocity^ v' = o after the trans- 
formation, it is if we transform to rest. We may call • 
the invariant p ^/l — a« the rest-density of Electricity.* 


r 


See Note. 
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§ 5. Space-time Vectors. 

Of the Id and 2nd kind, 

I£ we take the principal result of the Lorentz transfor- 
mation together witli the fact tliat the system (A) as well 
as the system (B) is eovariaut with respect to a rotation 
of the coordinate-system round the null poinf, we obtain 
the general relativlf// fJteornm. In order to make the 
facts easdy comprehensible, it may be more convenient to 
define a series of expressions, for the purpose of expressing 
the ideas in a concise form, while on the other hand 
I shall adhere to the practice of using complex magni- 
tudes, in order to render certain symmetries quite evident. 

Let us take a linear homogeneous transformation, 

a ^2 ^^13 ^14 

•^2 ^21 ^22 *^23 ^24 

^3 ®31 ^33 ^33 ^34 

‘^47 k®41 ®42 ®43 ^44 

the Determinant of the matrix is -f- 1 , all co-etficients with- 
out the index 4 occurring once are real, while a 4 i, a 4 2 , 
®4 3 > purely imaginary, but a 4 4 is real and > o, and 

4 -^ 2 ^ + ' 3 ^ transforms into .r/^ + <^ 3 '^ 

The oj^eration shall te called a general Lorentz 
transformation. , 

If we put = ,\^f ,then 

immediately there occurs a homogeneous linear transfor- 
mation of (oj, y, Zy /) to (./, y', z', I') with essentially real 
co-efficients, whereby the aggregrate — t;® 
transforms into — every such 

system of values .r, z, t with a positive t, for which 
this aggregate > 0 , there always correspond^ a positive V ; 

This notation, which is due to Dr. C. E. Cullis of the Calcutta 
University, has been used throughout instead of Minki3wski*s notation, 

'•'UiaaJa^ + aiaajj' + ai^oj^'. 
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this last is quite evident from the continuity of the 
aggregate a;, y, z, L 

The last vertical column of co-effieients has to fulfil, 
the condition *22) 4*^ -f +^^34® "h«^44® = l. 

If j 4 = fit 2 4 ~ 3 4 ~ then ^ 4 = 1 , and the Loren tz 
transformation reduces to a simple rotation of the spatial 
co-ordinate system round the world-point. * 

If fitg^ are not all zoro, and if we put 

«14 *• ^ 24 : ^'34 • ^ 44 =^’. • 

= < 1 . 

On the other hand, with every set of value of 
^i4> ^2 4^ ^3 4^ ^44 which in this way fulfil the condition 
22) with real values of v^, v,, we can construct the 
special Lorentz transformation (10) with ('^t 4, ^2 4> ^^34? ^^4) 
as the last vertical column, — and then every Lorentz- 
transformation with the same last vertical column 
(^i4> ^^2 4> ^.3 4^ ^4 4) be supposed to be composed of 
the special Loreritz-transforraation, and a rotation of the 
spatial co-ordinate system round the null-point. 

The totality of all Lorentz-Transforraations forms a 
group. Under a space-time vector of the 1 st kind shall 
be understood a system of four magnitudes pj, p^j, p J 
with the condition that in ease of a Loren tz-transformation 
it is to be replaced by the set pi , where 

thes3 are the valuer of «./, ^*3', ./?/), obtained by 

substituting (p^, p}, p.^, p ) for (-j, ,,’3, J in the 

expression (21). ^ 

^Besides the time-space vector of the 1 st kind (ajj, ajg, 
we shafl also make use of another space- time vector 
of the first kind (y^, and let us fcfrm the linear 

combination 

. ^,)+/si — Pj 2/,)+/,, (*1 

y.— yi)+ fxf (‘■1 y.— ■»* yJ + (•«, y*— y») + 

/.* C''»y*-**y») 
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If then, by referring back to equations (9), we carry out 
the transformation (1) through the angle and a subsequent 
rotation round the Z-axis through the angle we perform a 
Loren tz-transformation at tlie end of which 
and therefore m and e shall both coincide with the new 
Z-axis. Then by me/ans of the invariants (wp) 

the final values of these vectors, whetlier thej^ are of the 
same or of opposite directions, or whether one of them is 
equal to zero, would be at once settled. 

§ Concept of Time. 

By the Lorentz transformation, wo are allowed to effect 
certain changes of the time parameter. In consequence 
of this fact, it is no longer permissible to speak of the 
absolute simultaneity of two events. The ordinary idea 
of simultaneity rather presupposes that six independent 
parameters, which are evidently required for defining a 
system of space and time axes, are somehow reduced to 
three. Since we are accustomed to consider that these 
limitations rej)resent in a unique way the actual facts, 
very approximately, we maintain that the simultaneity of 
two events exists of themselves.* In fact, the following 
considerations will prove conclusive. 

Let a reference system z, t) for space time points 
(events) be somehow known. Now if a space point A 
fhe time t„ be compared with a space 
point P ( (', y, z) at tlie time /, and if the difference of 
time (let t > to) be less than the length A P i,e, less 

than the time required for tfie propogation of light from 

• Just as beings which aro confined within a narrow rog“ion 
iurrounding a point on a shperical surface, may fa\l into the error that 
a sphere is a geometric figure in which ouo diameter is particularly 
distinguished from the rest. 
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A to P, and if ^ 7 = ~ 

A Jl 


< 1, then by a s})eeial Lorentz 


transformation, in which A P is taken as Uie axis, and which 
has the moment^/, we can introduce a time parameter /', which 
(see equation 11, \:l, § 4) has ^ot the same value // = o for 
both space- time ])oints (A, /«), and P, t). So tliS two 
events can tiow be comprehended to be simultaneous. 

Further, let us take at the same lime l„ =0, two 
different »pace-points A, B, or three space-points (A, B, C) 
which are not in the same sjiace-line, and compare 
therewith a space point P, which is outside the line A B, 
or the plane A B C, at another time /, and let the time 
difference ^ — (t > f„) be less lliaii the time which 
requires for pro])Ogation from the line A B, or the plane 
A B 0) to P. Let q be the (|Uotient (‘f (f — io) by *the 
second time. Then if a Lorentz transformation is taken 
in which the perpendicular from P on A B, or from P on 
the plane A B C is the axis, and is tlie moment, then 
all the three (or four) events (A, /«), [B, /o), (C, /,) and 
(P, t) are simultaneous. 

• If four space-points, which do not lie in one ])lanc are 
conceived to be at the same time then it is no longer per- 
missible to make a change of tl^e time parameter by a Lorentz 
— transformation, without at the same time destroying the 
character of the simultaneity of these four space points. 

T(> the mathematician, accustomed on the one hand to 
the methods of treatment of the poly-dimensional 
manifold, and on the other hand to the conceptual figures 
oL the so-called noii-E3uclidean Geometrjr, there can be no 
difficulty iir adopting^ this concept of time to fhe application 
of the Lorentz-transformation. The ]^aper of Finstein wliich 
has been cited ii^Tthe Introduction, has succeeded lo some 
extent in presenting the nature of the transformation 
from the physi(ial standpoint. 



ao 


PRINCIPLE OP RELATIVITV 


PART II. ELECTRO-MAGNETIC 
PHENOMENA. 

§ 7. FiTNDAMENTAli EQUATIONS FOU BODIES 
AT BEST. 

After these preparatory works, which have been first 
developed bn account of the small amount of nvatlieraafcics 
involved in the limitiing case c = 1, ^ o- = o, let 

us turn to the electro-magnatic phenomena in matter. 
We look for those relations which make it possible for 

us when proper fundamental data are given — to 

obtain the following ({uantities at every place and time, 
and therefore at every space- time point as functions of 
{tj y, 2 , 1 ) : — the vector of the electric force E, the 
magnetic induction M, the electrical induction e, the 
magnetic force //?, the electrical space-density p, the 
electric current s (whose relation hereafttjr to the conduc- 
tion current is known by the manner in which conduc- 
tivity occurs in the pro(;ess), and lastly the vector u, the 
velocity of matter. 

The relations in question can be divided into two , 
classes. > 

Firstly — those ecpiations, which, — when r, the velocity 
of matter is given as a function of (.»•, y, ,r, /), — lead us to 
a knowledge of other magnitude^ as functions of ,/•, y, r, 

— I shall call this first class of equations the fundanacntal 
equations — « 

Secondly, the expressions for the ponderomotive force, 
which, by the application of the Laws of Mechanics, gives 
us further information about the vcctoi: n aS functions of 

«•. .v> => 0- 

For the case of bodies at rest, i.p, when W (x, y, r, f) 
= n the theories of Maxwell (Heaviside, Hertz) and 
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Loreutz lead to the same fundamental equations. They 
are ; — 

(1) The Differential Equations : — which contain no 
constant referring to matter : — 

(^t) Cuid m — - = C, (it) div p —]p. 

• ht 

(iU) i^ui -1 E + - “ = o, (n-) Div M = o. 

ot 

(2) Furtlier relations, which characterise the influence 
of existing* matter for the most important case to which 
we limit ourselves i.e. for isotopic bodies ; — they arc com- 
prised in the equations 

(V) e = € E, M = C = crE, 

where c = dielectric constant, /jl = ma^^netie permeability, 
or = the condiKjiivity of matter, all f]^ivon as function of 
•‘ j the conduction current. 

By employinj]^ a modified form of writing^, T shall now 

* cause a latent symmetry in these equations to appear. 
I put, as in the ])revious work, 

= ir, .r, = .v^ = z, = il, 

and write .?i, 53, for C*,, Cy, C, V ^ I p. 

further /i4»/»t4»/3 4 
f^r w., Wy, m, — I (e,, Cy, e,), 
a^id Eg 3, E3i,*Fi2, Fj^, 

• for M., My, M,, - f (E*, Ey, E,) 

• ^ • 

lastly we shall Jiave the relation /'it * = —, fkk, k = — Fsk, 
(the letter /, F shall denote the field, s the (i.e. current). 
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Then the fundamental Equations can be written as 



a/,. . 

a’.-; 

a/x.'. 
a .' a 


a/,, + 

+ 

a/ss 

a •'•3 

+ a/s, 

+ 37* 

a/s 1 1 

a:.-: 

a/s » ^ 

a... 


. a/s. 

a^s 

aA.x + 
a.r. 

a/*, . 

a'-V 

a/ts 

a.r* 



= 


and the equations (3) and (4), are 

+ 




5 j , 


a. 


dx. 


di\_. 

a:.; 


+ = 0 

a*j d'* 


4. Pil*j + 


a.r. 


a 


aF,, ^ 

a^* 


aF,. + 

ax, a«, a.<. 


§ 8. The Fdndamektal Equations. 


"We are now in a position to estabiish in a unique way 
the fundamental equations for bodies moving in any man- 
ner by means of these three axioms exclusively. 

The first Axion shall b?, — 

Wben a detached region* of matter ist at rest at any 
moment, therefore the vector « is zero, ’‘for a system 


* Einzelne stelle der Materie. 
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(*r, XT, /) — the neijjjhbourhood may bo supposed to be 
ill motion in any possible manner, then for the space- 
time point .r, y, xr, /, the same relations (A) (B) (V) which 
hold in the ease when all matter is at rest, sball also 
hold between p, the vectors C, o, m, E and their differ- 
entials with respect to ,r, y, xr, t. The second axiorn shall 

m 41 

be:— • 

Every velocity of matter is <1, smaller than the velo- 
city of pTopoi^ation of li<^ht.* 

The fundamental equations are of such a kind that 
when (.r, y, x?, if) are subjected to a Loren tz transformation 
and thereby and {M—fE) are transformed into 

space- time vectors of the second kind, (C, ip) as a space-time 
vector of the 1st kind, the equations are t ransformed , into 
essentially identical forms involving the transformed 
magnitudes. 

Shortry T can signify the third axiom as 

(///, — /V),^ and ( If, — are sjiace-time vectors of the 
second kind, (C, ip) is a space-time vector of the first kind. 

This axiom T call the Principle of Relativity. 

t 

III fact thes j three axioms lead us from the previously 
mentioned fundamental eqiuftions for bodies at rest to the 
equations for moving bodies in an iinarnbignous way. 

According to the second axiom, the magnitinle of the 
velocity vector | // | is <1 at any space-time point. In 
qpnsequence, we can always write, instead of the vector 
the followini:^ set of four allied quantities 

u, _ • 

o>j ft , a>2 « , ci>3 , 

• * \/i -uL \/i-u-^ 

• • 


t 



# Vide Note. 
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aiul ll)us conies out, to lx* in a different form than (]) here. 
1’Iierefore for inaiLi^uolised IxxlieSj Lorcntz’s equations do not 
(‘ori‘es|>niid to the Relativity Principle. 

On tlu‘ otIuM' hand, the form eorres])ondin^’ to the 
relativity [iriiiciple, For tin' condition oF non-magnetisation 
is to 1 k‘ taken out. oF (D) in ^S, with /^ = I, not as 
as Lorentz t.akcs, hut as (d(t) H — [/^]')] = ri — 

(M — [ //K J — m — I Now hy jiutt ini;* J I = l>, the d affer- 
ent ial (xjuation (-P.)) is Iransfornu'd into the same foian as 
e(j" (1) here when m — [/o^]=:]\r — Therefore it so 
liappons that liy a eom]>ensation oF two eontradictions to 
the relativity prinoijde, the differential equations of Lorentz 
for movinp,’ non-nuoj:n(*ti<ed hodi(*s at last ao-ree with the 
nd.itivi ty ])osliilal(‘. 

IF \U' make of (.’iO) For non-mai>^nf‘tie h(xli(‘s, and 
put aceordin<‘'ly i 1 //, ( I ) - 10) |, tlnui in conseciiienee 

oF ((’) in ^8, 

(c-i) + h',i)-r]], 

i.e. for the tlin'ctioii of n 

(,_]) (l':-F[.U5i)„ = (i)-K)„ 

aiel for a perpeiidicnlar direelioii i'l, 

(.- 1) | i<: + (/a5)],.=(i-/-')(i>-r). 

i.f. it coineides with Ijorontr.’s aPSum])lion, if we l.ejjleet 
V- in cotn|)iirisiin to 1. 

Also to the same order of ajjproximation, Lorentz’s 
form for J eorresiwiids to the coalitions imposed by the 
relativity principle [eomp. (E) §"8]- -that the 'components 
of J„, J7 are equal to the components .of or (E+ [w B]) 

1 

multiplied by 


respectively# 
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§10. EtlNDAMf^NTAL EQUATIONS OF E. CoifN. 
E. Cohn asdinies flio followini*’ fniidainuntal equations. 

(••51) (;url(M+[^^ = VU J 

-Oirl [E- (//. ]M)J = + u (liv. M. * 

(.•}2),J=,r E, =.E-[// M], ]M=/x(///+ E.J) 

where li ]M are the electric and magnet ie field intensities 
(forces), E, M are the electric and magnetic polarisation 
(induction). ^Ihe etjuations also ]>ermit the existence of 
ime mai^netism ; if we do not take into ac(*onnt tin’s 
consideration, div. M. is to lx* ]mt=:e. 

An (d)j(*cti()n to this system of equations is *tl)at 
according’ to thes(q for c=: 1, /x-~ 1, the vectors force and 
induct ion, do not, coincide. If in the e([uations, we coneiu’ve 
E and AI and not E — (T. M), and Md- [C EJ as electric 
and masi^netie for(*es, and with a ^dance to this we 
suhstitute for E, M, E, M, div. E, tlie symbols c, M, E 
4 - [U M], — P’ difl’erential equations 

transform to our e(|uations, and the conditions (ii2) 
transform into 

J = ,r(E+[;/ M]) 

(.,_[w.l) ] = <E+[«M]) 

M— [?/, (E + w AI)J=/x(/,/ — [// /•] ) 

tlien in fact the equations of Cohn become the same a.s 
those required by the relativity principle, if errors of the 

order //- are neglected in comparison to 1. 

* * • . 

• It may be rnetitioned here that the equations of Ilertz 

.become Ihe same as those of Oohn, if the auxilliary 
conditions are* 

(83) E=i'«E, M=:^M, J=crE, 
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§11. TYI‘lCA]i llEPllKSBN’i'A'riON.S OF TUB 
Fundamental Equations. 

Ill ilie sl,alA'iiien1 of (lie fun<laincMilal eolations, our 
leadiusj; idea luul been Ibiif. they sluuild retain a covariance 
of fonn, .subjected lo a of Lorentz-trc^ns- 

formations. Now we have io deal with ponderoniotivo 
reactions and en(‘ri>y in tlie elect ro-nui^ net ie iield. Here 
from tlie ver\ lirst tlien‘ can Ix' no doubt that the 
settlement of this (juestion is in some wav (connected with 
the simplest forms which can be ^iven to the fundamental 
0 (|natioiis, satisfyin<j^ the conditions of covariance. In 
order to arrive at such forms, I shall lirst of all ]uit the 
fundamental e(juations in a typical form which brings out 
clearly their cova-rianee in case of a Lorentz-tran^'format ion. 
Here T am usino; a method of ealculation, which enables us 
to deal in a sim))le manmu’ with the s])ace-time vectors (d* 
the 1st, and :hul kind, and of which the rules, as far as 
required are i»'iv'cn below. 

A system of inain;'nitudes formed into tlie matrix 


arranged in p hori/ontal row.'^, and y vertical cohimns is 
called a X 7 series-matrix, and will be denoted by the* 
letter A. 

• *• 

If ^ all the quantities * are muHiidied by C, the 

resulting matrix will be denoted by CA. ( 

If the roles of the horizontal rows and vertical columns 
be interehargod, wc obtain a qxp series matrix, .which 


1 1 


I 




T Y 1‘ 1( ' A I . H KP K ES LNT A T WK S 


Avill be known as llio transposed matrix of A, and will be 
denoted by A. 

A= 


If we have a second x ^ series matrix B, 

B = K,. ... 


then A + B shall denote the /^xr/ series matrix whose 
members arc ((/, ^ + a . 

« 

2" If w^c have iw^o matrices 


A — ti j ^ , 


where the number of liorizonlal rows of B^ is e(|ual to Ihe 
iiumbi’r of verlieal columns of A, then by A B, the product 
of the matrics A and B, will be denoted the matrix 


C — /'ll’ 


^where cy, a =^*/, i ^ i /*+ *.> a + ''a * , / + • * 7 ^7 * 

these eleinents beine: formed by eombination of the 
' horizontal Pow's of A witlj the vertical colaniiis of B. For 
such a 'point, the jfssocialive law^ (AB) S = A(BS) holds, 
where S is a t^iird mat rix which basoot as many horizontal 
* rows as B (oy AB) has ^ot vertical columns. 

Fo;‘ the.transposed matrix of C = BA, w^e have C = BA 
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Wc, shall have principalh^ to deal with matrices 
with at most four vertical eolunms and for horizontal 
rows. 

As a unit matrix (in equations they will be kno\Mi for 
the sake oK shortness as the matrix 1) will be dcnoteit the 
following quitrix (4x1 series) with the elements. 


' ^‘11 ^ 1 J ^ 1 ;i ^11 

=r 

10 0 0 

i 

i 

; 1 ‘2 ^ 1 


0 1. 0 u! 

1 

j ^*r> ! ^'"2 ^*0 ;» ^’0 4 


0 0 J 0 

1 e,, e,~ 0 ,, 


0 0 0 1 


For a 4x4 series-matrix, Det A shall denote the 
detcinninant formed of the tx fc'lements of the matrix. 
If dei A X corresponding to A there is a reciprocal 

matrix, which we may denote by A~' so that A~^A = 1 

A matrix I 

J ^ ./ 1 2 f I ./ 1 1 I 

Ai ^ A. /2J 

i ; 

. A J ./s4 

' J I \ J i ? .t i n f 

in which the elements fullil the relation ./’/,* — h 

called an alternating matrix. These relations say that 
the transjiosed matrix f = — /, Then by /* will be 

tlu' (hid/, alternatin'' matrix 
(•■55) 

"* .t:.t .'n ./a.-, j 

/.a" 

/s i /i > " J‘\ a j 

faaftzfai ° ^ 
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^riipii (50) p f =:/, /; , +j \ , 7 , , + /; , j \ , 

/ /•. We sliall Iiavp a ix 1< serie*^ matrix in wliich all iJie 
elemonls ONnopi tlioso on the (liai^jonal from left up to 
rijL^’ht clown are zero^ and the elements in this diau^onal 
ii^ree witli each oIIkm', and are each e(|aal to the above 
mpn1ioned*eombinat-ion in (5()). 

The dc‘t(M’minant. of /* is t.hen‘rore the square of the 

.L 

comhinaiion, by DeL y*we shall denotejihe (*x]>ression 
1 

Del /'— /\ , /\ ^ /\ /\, , -\-p , / 3 , . 

4 . A liiK iir trjinsformation 

'‘/-l-^o-o •'* ' +'t/, i , -•'/ (// = !, 5 , 5 , 

which is accomplis]\('(l by the matrix 

A “ I I 1 ' a I 2 , a ,j . a ^ j 

j 

I ^ . a 2 1 2 T ' ^^2 

1 i > 2 H S ^ 3 4 ] 

' I 

! ! 

i a, W ig. , I 

will be denoted as the transFormatioii A 

I3v the transrormation ^\, the expression 
f , y -p H- '] i^’ chanii^ed into the (piadratie 

for /// >«/, /. ' ' //,• 

when' a,, < =a^ J “:i/. +".i/. <',*• 

are file in embers of ;i 4x4 .‘'.erips mnirix whieh is the 
• » 
proilnct. of A A, the Irfmsjtosed matrix of A into A. If b} 

the transformayon, the ex])reKsion is elian"ecl to 
‘ +■•»•,'” +ir'r, 

we relist have A A = 1 . 
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A has to correspoiul io ih(i followinG^ relaiion, i£ trans- 
formation (‘IS) is to bo a LonMitz-transforraaiion. For Ibe 
determinant of A) it follows out of that (Det A)® = 
I, or Dot A= Hh 1 • 

i<\om the condition (3D) wo obtain 
A-'=:A, 

i.r. the reciprocal matrix of A is equivalent to the trans- 
posed matrix of A. 

For A as Lorcntz transformation, we have further 
Dot A= -f J, i.ho (juantities involvin^^ tlu^ index 4 once in 
the subscript are purely irnap^inary, tlu» other co-eflicients 
are real, and n i ^ >0. 

A space time vector of the lirst kind^ whicli s 
represented h}^ Ihe 1 x i series matrix, 

(41) .v= I ,■!, .Vj *4 I 

is to be rejdaced tw vA in ease of a Lorentz transformation 
A, ij\ A* = I .sq I = I .<?j ,s*2 A’f, I A ; 

Aspace-time vector of the 2nd kindtwith com])on(‘n1s /*,, .> . 

, shall be re])r('sen1ed by the alternatini; matrix 

m /= o A. A. j\, 

J 2\ f^l W fl 1 

/.I o 

./'ll ./^ 2 J \\\ 

and is to be replaced by A “ A in ease of a Lorentz 
transformation [see the rules in <5^ h (23) (24)]. Therefore 
referrinj^ to the expression (37), we have the identity 

Det^ ( A/ A) = Det A. Det“ Therefore Det^y' be- 

comes an invariant in the case of a Loren t). transformation 
[see eq. (-3) See. § 5], ' 

* Vide Tioto 13. 
t Vide iioto 14. 
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Looking back to (*>()), we have Tor the dual matrix * 
(A/-^A)(A-'i/A) = A-\/VA = l)et" /. A-^V = nct^/ 
from which it is to be seen that the dual matrix beliaves 
exactly like the primary matrix y* and is therefore a s])ace 
time vector of the II kind; is therefore known as the 
dual sj)ace-time vector of /‘vvitli components p), 

(I.^* If and S' are two space-time rectors of the 1st kind 
then by -v (as well as by a* /^') will lx* understood the 
combination (1-8) u\ + '''f 

In case of a Loreiitz 1 ransformal ion A^ since (''cA) (A s) 
= tV, this expression is invariant. — If /r a = o, then w 
and *• are perj)endieular to each ot her. 

8\vo s[)aee-linic rectors of the first kind (/r, .s) i^ives us 
a X 1- series matrix 

^o\j w.. 

A, A 2 A, A,, 

18ien if follows immediately that the system of six 
4naii^nitud(\- ( H) a,. — /ck, a^, /r,, a, a ., ir ^ — v , , 

* fo ^ A , — ir^ A^ , /Xy V , — il\^ Ao , X’,. A , — /e j A . , 

behaves in case of a Loreniz-tcansformation as a sj)ace-time 
vi'cfor of the II kind. The V(*efor of the second kind witli 
the coinj)oneuts (1-1) arc denbted by [//;, aJ. We see easily 

9 1 

that Del “ aJ=o. The dual vector of [ a] shall be 
written as [ /r, a].* 

. If /P is a s])ace-time vector of the 1st kind, y' of the 
second kind, /r f sii^nifiys a 1 x 1 series mah’ix. In case 
of a Lorentz-transformation A, /r is chanired into tr 
/intoy" = A"^ /a, — therefore m' /' becomes =(/<jA A"^ f 
A) = ?/\/‘A ix. w transformed as a space-time vector of 
\ 
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Now by eoinpiiriiiii^ with <i^~ --wF, the relation (F) cu) 
bn broiii^ht into lh(' ronii 

{ 1'^ f "f“ ( w.*? ) 0 ) ™ — crto F, 

This Fonnula eoiitaiiiP four c<|uations, of whieh tbe 
fourth follows from the lirst three, since this, is a s^yiiee- 
time vector which is j)erp(m(licular to <,>. 

Lasf/ly, we shall transform the differential e((uations 
(A) and (H) into a tyj)ical form. 

§12. TriK Differential Operator Lor. 

A 4x t series matrix b2) S~ 


vdtii tli(‘ condition that in case of a fjormitx transformation 
it is t/) I)e replaced by ASA, may be called a spa(‘c-time 
matrix of the IT kind. We have examples of thisf in: — 

1) the alternating* matrix /, whidi corresj)onds to tJie 
s])aee-iiTn(‘ vector of tlie J1 kind, — 

2) t he ])rodnct, Z’ F of two such mat rices, for l)y a t ransfor- 
mation A, it- is replaced by (A~*/A A' ’ FA) = A”y’'F A, 

farther wlu'ii (i»y. o)^, (d^.) aiul (12j, 12.,, 12^) are 

two S])aeo-ttme vectors of the 1st kind, t-he 4x4 matrix with 
the element S/, * =a)/, 124 , ^ 

lastly in a multi])le L of the unit matrix of 4x4 series 
in which all the elements in the princinal diagonal are 
e<|nal to L, and the rest are zero. 

We shall have to do constantly with functiens of the 
space4ime point (.r, ?/, r, ?7), and we may with advantage 


<J O U v« 

* ^2 1 * 2 2 ^-^2 3 *^2 1 

C <J <si <J 

1 ^^3 2 ‘ 3 3 *^3 4 

S.. S... R... R 


= I Sw, I 
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emj)loy the 1x1^ son os matrix, formed of differential 
symbols, — 

a a a a ...... a a a a 

dV d;/’ d-’cdr ' ' a.--, a..’, a.r, a^-, 

(^or this matrix 1 shall use tho shortened fr^m lor.”* 

« 

Then if S is, as in (f)2), a space-time matrix ot‘ the 
11 kind, by lor S' will be understood the 1 x t series 
matrix 

I K, K, K,^ K, I 


wlieru = J- 


a.". 


a 


I ^ "H A I a S ^ ^ 
a ^ a-'-. 


Wlien by a Lorentz trarisforniaiion A, a new ret'erence 
sysleni (./, ) is introduced, we can use the o])ei‘ator 


lor'rr 


a a a a 

a*'.' a:',' a.y./ a.v | 


Tlieii S is triirisfoi'iiu^d to S' = A S A= | S'/, | , so by 
lor 'S' is meant the 1x4 series matrix, wliose (dement arc 


K- _ 9^'./. . 9S',* . a^;:/ .as',, 

^ 'dx/ 37;' a..,' ^ dJr/ * 

Now foi* the difrereiitiatio'ri of any liHi(‘tion (4 ix y % t) 


we have the rule 


_ ® 9 j, . a ay , 

a7-/ Qiv, a.r/"^a.7, a^/ 

* , a^ , ^ a«4 

"^a.* a.^'/ a A 


a a , a , a 

37, 


-r a,*. 

a 


go that, we have symbolically lor' = lor A. 


Vide note 17. 
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Therefore it follows that 

lor 'S'=:l(»r (A A"* SA) = (lor S)A. 

i,r., lor S behaves like a s])ace-tiine vector of the first 
kind. 

If ]j isM multiple of the unit matrix, then by^.lm* I# will 
be denoted the matrix with the elements 

3 1 j 3 [j 3 b 3 b 

3.^1. 3 -'a 3. <3 

If N is a space-time vector of the 1st kind, then 


lor s =: 



+ 


3^., 

3 


4- 




In case of a Lorenlz transformation A, we have 


lor V=lor A. A,b~lov s. 


lor A' is an inv’^ariant in a Loren tz-transformation. 


In all these o[)erations the operatoi* lor plays the part 
of a space-time vector of the lirst kind. 

If /' represents a space-time vector of the second kind, 
— lor /‘ denotes a s])ace-time vector of the lirst kind with 
the components 



dA, . a/.. 

f 

-f 

a/,. 


a:., a..'. 


a 

dj,, 

. a/,. 


a/.. 

■'a:-', 

a^; 

4 

a-. 


I 9/»2 I 9/3 V 


a/.v . 

a/.. 

+ 4^’ 

a«v 

a;. 
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So the system oi‘ diflerential e<)uatioiis (A) can be 
ex])ressed in the concise form 

{A} lor/=:— 

and the system (R) can be ex))rossed in the form 

m] ^ lo- F* = 0. 

Keferrin«»’ back to the definition (f>7) for lo^ -S we 
find that the (jombinaf ions :or {lor f), and lor (lo?* F* 
vanish identically^ wlien /‘and F* are alternating* matrices. 
Accordinj^ly it follows out of J A}, that 


0^*1 , 0^,, , 0^., • Qji _ Q 

0.^ 0.r, ^ dx. d 


while the j'elation * 

(09) lor (lor F*^'*)— 0, sio•uilje^ that of the four 
equations in {B}, only thr(*e rejn’esent independent 
conditions, 

1 shall now eollecit th(‘ results. 

Let w denote tlie space-time vector of the first kind 



) 


(//= velocity of matter)^ 

F the s])ace-time vector of Ihe second kind (M, — / p]) 

f 

(M = ma^Tietie induction, E= Electric force, 
y*the space-time vector af the second kind — 

(.///=: magTietic force, <*== liJlfctric Induction. 

the space-time vector \>f the first kind (C, ip) 

(y 9 = electl’ical space-density, C — conductivity current, 
€=:dielec|brie edistant, /x=ma.i^netie jiernieability, 
or=condActiviJbv, 
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then tlie I'unclameiital equations for oleetromacjnetic 
processes in moving' bodies are* 

{A} lor/= — v 

i B} log F* = r> 

je} a>/'=€u)F 

{D} u>F*=:/xoy'* 

} E { .V + (<i).s), ff' = — crojF. 

— 1, and (iiF, oV; 0 >/'*, \*H- (o).9)aj wlneh 

are s])ace-tiine vectors of the Hrsi kind ai'e a, 11 normal to 
ui, an<l for the system j B}^ we liave 

lor (lor F*) = 0. 

Bearing in mind this last I'elation, we see tliat w(* have 
as many indi'j^endent ecpialions at our disposal as an^ neces- 
sary for determining the* motion of matter as w(‘ll as the 
vector ff as a function of when projxir funila- 

mental data a?*e given. 

§ 13. Thr Product of the Field- vectoi^^r/P. 

Finally let us empiire about the laws which lead to the 
determination of the vector or as a function of 
In those investigations, the expressions which are obtained 
by the multiplication of tw^o alternahfng matrices 


0 

/.» 

./■. s 


F= 

0 

1*2 



A, 

0 

fv s 

J 2 4 

K 

„ ^21 

0 




/» s 

0 



F 

^ 3 1 

,l’\,2 

f) 

i' 

* 34 



As 

0 


F 

4 1 



0 


* Vide note 19. 
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are of much importance. Let us write. 


(70) S, 

I S,, 

1 1 


s 1 ^ s I ^ 

S 2 a ^ 2 ^24 

S j2 ^3 » L ^34 


^11 ^12 ^43 

Tlien (71) » i +^2 2 s -hS , ^ ~0. 


Let L now denote the symmetrical com})ination ol* the 
indices 1, *i, 4, ^-iveii by 

(72) L = F.^,-f/\2 F,, 


+./■ 


/•> 1 hy I 4-/34 


Then we ^hall havt‘ 

(73) S , , 3 f’y 3 +/-, i f '3 • 4-/i V a —/'i 2 2 

-y\ 3 F ,3 

^ 1 2 — J \ 8 3 2*4'./ II f 4 2 etc*. ... 

In order to (»xpres<i; in a reif] form, we write 


Now XI 



S iS 

1 2 H ^^11. 

!= X. 

Y. Z, 

-v;t. 


q 0 U 

*^yy *^8 3 *-*2 j' 

1 y 

Y, Z, 

m 

-zT, 

.S,,, 

• 

*^3 2 ^^3 ^ '1 

• 

1 

Y,. . Z, 

-/T, 


^+2 ^+3 ^4-4 

! ~/X, -lYt -iZ. 

• r|3 

^ ^ f 

2' 

• 

r — 7>2.yjVIy 

L 

— m^lVL 

+ <*.4L — 

-e,K, 
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(75) Xy Y, etc. 

r=6yM. — p, T,=m^E^— m^R, etc. 

T , =:V + w„lVl „ 4-wi.M. +c,E r +CyEy +ejEj J 

L, m,M ,, -f ?/2 ,, M , M, ~c,E,— c^E^ — J 

These (jiiantities are all real. In the theory i‘or bodies 
at rest, the eonibinations (X,, X,,, X,, Y., Y,,, Y,, Z,, 
Z„, Z.) are known as ‘SMaxwelPs Stresses/^ T^, T,,, T, 
are known as the Poyntin;^’s Vector, T, as the electro- 
magnetic energy-density, an<l L as the Langrangian 
function. 

On the other hand, by innlti])lying the alternating 
matrices and F*, we obtain 

r77) -S,, , -S,, 



and hence, we can yuit 

(78) /F = S-L, ■ F*/*=-S-~L, 

where by L, we mean L-times 'the unit>. matrix, i,t\ the 
matrix with elements ^ 

|Le,*|, (c,,=l, Ca/.= 0, Z^, A = l, 2, :b 4). , 

Since here SL = LS, we deduce that, 

, F*/VF,= (--S--L)(S^L) = ~ SS H- 


and find, since/* / = Detv “ /, F* F = Det vF, we " arrive 
at the iritei*esting conclusion , | 

* Vide note 18, 
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(79) SS = Ji® - Dei ^ / Dei " F 

/.r. the product of the matrix 8 into itself can be ex- 
pressed as the niulti])le ol* a unit matrix — a matrix in which 
all the elements except those in the })rinci])al diagonal are 
zero, ,^th‘' elements in the prinei])al diajj^onal a«e all ecpial 
and have tfie value s^iven on the ri;^’ht-haiid side oL (79). 
Therefore the <^eneral lelations 

(80) 8/, j 8i*+8/, 5 8.^ A +8/, ., 83/1+8/,, 8^/1 =0, 

k, k bein^ unequal indices in the series 1, 2, •>, 4, and 

( SI ) 8 // j 8 j /, + S /, 2 8 2 // + 8 /, 3 8 3 /, + 8 /, , 8 ^ /, ~ Li ^ 

Dei / Det F, 

for// = l,2, ;3, 4. 

Now if instead of F, and /’ in the combinations (72) 
and (78), vve introduce the electrical rest-force the 
magnetic rest-force and the rest-ray U [(55), (56) and 
(57)], vve can pass over to the expressions, — 

(82) li = — i € <t> + i /X 'P 

» • 

(s;i) j * <i> c*, — I 'if 'if cn 

+ t (<t>t <t>j — 4> * <U* U>A ) 

% fjL (4'/, ^ 'I' (li/, W/t) - ilh — C/A a>/, D* 

. (h\ k =r 1,2, 3, 4). 

. Here vve have 

* 

. ‘ ' s** = 1, = 0 o’=h^)- 

The right siSe of (82) as well as L is an invariant 
in a Lo'ientz* transformation, and the 4x4 element on the 
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ri^ht side ot‘ (83) as well as re])rest*nt a space time 

vector ol* the second kind. Hemctnbering this fact, it 
sufHccs, for establishing' the theorems (Sit) and (83) gener- 
ally, to [U’ove it for the s])ecial case 
€1)4=/. But for this case CO = />, we immediately arrive at 
the equat^nis (82) and (83) by means (45), (51^ (60) 
on the. one hand, and r = €E, M = /Ay;/ on the other hand. 

The ex])ression on the right-hand side of (81), which 
eipials 

[J (m J\'J ~ rEy] + (rm) (EM), 

is = 0, because (rm = c <1> 4^, (E]\l) = /x ; now referring 

> 

back to 79). we can denote the positive squaT‘e root oF this 
1 

expression as Det * S 

Since / = — /, and E — — E, we obtain for S, ihe 
transposed matrix oi S. the following r(‘lations from (78), 

(84) E/ = S-li,/^ E^' = - S-^L, 

Then is S — S= | S/, S^ | 

an alternating matrix, and denotes a \spa(H‘-tinie vector 
of the second kind. Eroip the cxj>ressioiiS (83), we 
obtain, 

(85) 8 - = -'’(€ - 1) fw. 12], 

from which we deduce that [see (57), (58)J. 

(86) CD (S — ' 8)* = o, , 

(87) ' <D (S -"S) = (€ ^ ~ 1) n e 

When the matter is at rest at a space-time point, <Sd=o, 
then the equation 86) denotes the existepee of the follow- 
ing equations 


z,=Y,, x,=z„ y,=x 
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and from 83), 

T,=:a,, T,=0, 

Now by means of a rotation of the space co-ordinate 
system round the null-point, we can make, 

Z,=Y,=o, X,r=:Z,=o, X,=X,=:o, 

According to 71), we haA^c 

(88) X,, *4-^ ^-f-Zv-PT / 

and according to 83), T^>o. In special cases, where!) 
vanishes it follows from 81) that 

X , * Y/ ^ T , % = (Det S) % 

and if T, and one of the three mac^nitudes X^,, Y^, Z, ai'e 

= H- Dot ‘ S, the twoothersrr— Dot S. If O does not 
vanish let 12 =^0, then we have in particular from 80 ) 

x"=0, T, Y,=:0, Z,T^4-T,T,=:0. 

*and if Dj — 0, 1)3=0, Zj=~T< It follows from ( 81 ), 

* » 

(see also 83) that 

* 

X,=-Y,=-+Dot * S. 

«* 

and ’-Z.=T, = '‘'"'Det S + >nef.^R.— 

t 

. The s))ace-timc vector of tin* first kind 

. (89) * K=lor.S. 

„ * 

is of very f^ieat imp/>rtahee for which we now’^ w^ant to 

demonstrate a very important transformation 

Accorjimf^ tcfVS), S=L+/F, and it follows that 
JoV S=lor Ti-f lor/F.* 



50 


PRINCIPLE OF RELATIVITY 


The symbol ‘lor’ denotes a differential process which 
in lor /’F, operat^s on the one hand upon the components 
of ./*, on the other hand also upon the components of F. 
xlccordin^l} lor /*F can be expressed as the sum of two 
parts. The first; part is the })roduct of the matrices 
(lor f ) F, lor f beincr regarded as a 1 x4 series matrix. 
The second part is that part of lor y‘F, in which the 
diffeiitiations operate upon the components of F alone. 
Prom 78) we obtain 

/F = ~FV-2L; 

hence the second part of' lor /K= — (lor the part 

of — 2 lor L, ill which the dilToi'ciitiations operate upon the 
components of F alone Wo tlms of)tain 

lor S=:nor/)F~(lor N, 

where N is the vector with the components 


AT 1 

,, — -y- 


( 


a •; 


F, 1 + 


a/.,, 

3'* 


Fj I + 

+ 


9/- 

a.''„ 

aA. 

a h ^ 


Fi e + 
Fg , + 


af,. 

a“.‘, 

dj,, 

a"'* 


F 


1 4 


a 1 a n ^ 

airT ^ 


s s 


aj%. 
a A • 


aF,, 

' a'; 



j I ^ 


aj\ 

a 


i /i — 1, 2, 3, ■!•) ' 

Bj using the fuudaiuental rplatious A) and B), 90') 

is transformed into the fundameniar] relation 

(91) lot-S = -sF + N. '' ' ' 

In the limitting case €=1, /x=l, /=P, N *. vanishes 
identically. 
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Now upon the basis of the equations (55) and (56), 
and referring back to the expression (82) for L, and from 
57) we obtain the following expressions as components 
of N,— 

(92) N,=- ] 4.4> 

•J 2 dXf, 




a 




d <'>2 

a . 




‘4-12, 




a»J 


for //=!, 2, .4, 4. 

Now if we make use of (59), and denote the space- 
vector which has 12,, 12.,, as the , //, : eom[)onents by 
the symbol W, then the third component of 92) can be 
expressed in tlie form 


' V a.;, A 

The round bracket denoting the scalar })roduet of the 
vectors within it. 


’ ^ li. The PONDEROMOTIVE Force.^ 

*’• • 

Jjot IIS now write out the relation K=lor S = — *F+N 
in a more practical I'onu ; weliave the four ('ijuations 


,94) 


a 


Qy 


itoF — 1 Vl/ll/ 
2 dr 2 


. 1 


a>' 


d X , 


d/ ' ' * 

d_/' , 1 


d ' '^1 — ?(’ 

* di) 


• 

( w|“'l 

ay 

' 9y) 


Vidt^note 110. 


clt^ 
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/Qr^ IT _ 9^^* . 9Z, , ,, ,, 

(96^ K,- Q-- + Q-- +q: - 97 - =/)K.+.sM,-.s-,M, 

2 dz 2 9-/ 

/q7. W 9T. ar, dT,_ p, . . V ,, 

I- “i S - +'*7-^-^ f w-f-"Y 

2 0/ 2 0/ Vl_„« \ 0^ / 


It is my opinion tliat when we calculate the pondero- 
motive force which acts upon a unit volume at the space- 
time point .f‘, /, it has i>’ot, y, : components as the 

first three components of the space-time vector 

K -f" {(i>ls U»>, 

This vector is ])t‘rpendieiilar to o> ; the law of Energy 
its expression in the fourth relation. 

The establishment of this opinion is reserved for a 
separate tract. 

In the limittiiiiT case c=:], //=! , <r=0, the vector 
S=pw, a)K=0, and we obtain the ordinary equations in the 
theory of electrons. 



APPENDIX 

Mechanics anh the Relativity-Postuiate. 

it would ))e very iinsa.tisffioi-oi‘V, d' tlio ^ew way of 
looking at tlie tiinc-cioneepU which permits a Loreiitz 
transformation, were to be eoiilined to a sini^le pari ul 
Physics. 

Now many antlno’s say that clns-^ieal mechanics stand 
in op|)osition to llu* relativity postulate, which is taken 
to be the basii of the new E]o(‘tro-dynamies. 

Tn order to decide ibis let us fix our attention upon a spe- 
lt 

eial Liu’enl/ transtonnation repivsented bv (10), (II), (H)? 
with a vector v in a.n\ direction and of any ime^nihide y< I 
but different From zero. For a moment we shall not suppose 
any s})eeial relation to hold between the unit of leno'th 
and the uniti of time, so that instead of /,/',</, we shall 
write cf, ci\ and <y/e, wlicrc* r represents a certain positive 
f constant, and (j is <e. The above mentioned equations 
arc traftsformed Into 

% 

They denote, as we remember, that r is the space-vector 
( 'i 2/> ')) Is the spa^e-vector (F y J) 

If in these equations, keepino’ e constant w(* approach 
the limit c==:oo, then we obtain from these 

• The pew equations would now denote the transforma-^ 
tion of ja spatial co-ordinate system (ir, ?/, :) to another 
spatial ^o-ordinate system (F y' with parallel axes, the 
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null point of the second system moving* with constant 
velocity in a straight line, while the time parameter 
remains iiuehangecl. We eaii, therefore, say that classical 
mechanics postulates a covariance of Physical laws for 
the group of homogeneous linear transformations of the 
ex])ressfion 

(T 

( 1 ) 

when c—oo. 

]Sh)w it is rather confusing to hnd that in one branch 
of Pl)ysiys, we shall find a covariance of the laws for the 
transformation of evj)ression (1 ) wit li a (initc value of c, 
in another part for c~oo. 

is evident that according to Newtonian Mechanics, 
this covariance holds for c=:oo, and not, for = velocity of 
light. 

May we not then regard Lliosc traditional covariances 
for erroo only as an approximation consistent with 
experience, the actual covariance of natural laws holding 
for a certain Unite value of c. 

' < 

I may here j)oint out that b\ if instead of the Newtonian 
Relativity- Postulate with ^= 00 , we assiime a relativity- 
postulate with a hnile e, tln^n the axiomatic construction 
of Mechanics apj)ears to gain co/isiderably in [)erfectioi). 

The ratio of the time unit to the le^igth unit is chosen 
in a manner so as to make the velocity of light ecjui valent 
to unity. 

While now 1 want to introduce geometrical figures 
in the manifold of the variables ( • , y, y /), it ,may 'be 
convenient to leave (^, ) out of account, and to (treat r' 
and f as any possible pair of co-ordinates in a| plane, 
refered to oblique axes. 
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A space lime null poii^t 0 (t, y, /=0, 0, U, 0) will be 
kept fixed in a Loreiitz transformation. 

The fio’iuv- + />() ... (2) 

which represents a hyper holoidal shell, <‘ontains the sjjace- 
time points A (.r, y, /=:0, 0, 0, 1), a!id all^ points A' 
which aWr a Lorentz-transformation enter into the newly 
introduced system of reference as (.)•', /'=(), 0, 0, 1). 

The direction of a radius vector OA' drawn from 0 to 
the point A' of (d), and thi‘ directions of the tanijents to 
(2) at A' are to be called normal to each other. 

Let us now follow a detlnite position of matter in its 
course throui»‘u all time /. ddie totality of the space-time 
jioints which correspond to tin* positions at 

different times /, shall he called a spaeo-time line. 

The task of det(‘rminine^ the motion of matter is com- 
jn’ised in t’h(‘ lollow'ino' problem:— It is re<jnired to establish 
tor eveiw space-lime { oiiit thi' direelion of Ihe space-time 
line passine; fhroui^h it. 

^ To transform a spacc-tim(‘ point P (.«, //, /) to rest is 

ecjiiivalcrfit to introduciiiij^, In means of a Lorentz transfor- 
mation, a new s\stem of nd'ereiu'e ( {/', \ l'), in which 

the f' axis has tin' direef ion V', OA' indicating;- the direc- 
tion of the space-time line ^)assinp: throno’h P. The space 
/'=c<inst, \vlii(di IS to iu' laid throui;’h P, is the one which 
is pcrjKMidicular to ih^ s])ac(*-time line throui^h P. 

* To the increment <(i of the time of P corresponds the 
iijcrement 

• I 

oj* the newly ifit reduced time parameter /'. The value of ^ 
the integral • 
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c 

when calculated upon the space-tirno line from a fixed 
inilial ])oint to the variable jioint P, (both bein^ on the 
space-time line), is known as the ‘Proper-time’ of the 
position of matter we are concerned with at the space-time 
point P. (It is a generalization of the idea of Positional- 
time whie(p was introduced b}’ Lorentz for uniform 
motion.) 

If we take a body R* which has got extension in space 
at time then the region comprising* ail the space-time 
line j>assing through R* and shall be called a space-time 
filament. 

If we have an anatylical expression ?/, r, /) so that 
y /) = 0 is intersected by every space time line of the 
filament at one point, — whereby 


/ d0\” 

/90\ 

-i 9®V _/ 

< awv 

\ d™; ’ 

vai/ j ’ 

la;)' ' 

kQi ) 


>0, I? >0. 


then the lolality of the intersecting points will be called 
a cross section of the filament. 


At any fxu'nt P of such aeross-section, we can introduce 
by means of a Lorentz transformation a , system gf rcdVr- 
enee ( /, ^, ' 0^ according to this 


00 00 00 

0 " '■ “ ’ dy' ^ 


= 0 , 


00 

0 /^ 


> 0 . 


The direction of the nniipuly determined /'—axis in 
question here is known as the upj)er normal of the cross- 
section at the point P and the value of J dr' dy' dz 

for the surrounding points of P on the cross-section i's 
known as the elementary contents (Tnhnlts-element) of the 
cross-section. In this feense R* is to be F3garcled as the 
'cross-section normal to the / axis of the,fi]ame(it at the 
point /=/•, and the volume of the body R*jistobe 
regarded as the contents of the cross-section.’ 
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If we allow R" to converge to a point, we oome to the 
conception of an infinitely thin space-time filament. In 
such a ease, a space-time line will bo thought of as a 
principal line and by the term ‘ Proper-time ’ of the filament 
will be understood the ^ Proper-time ’ which is laid jilong 
this principal line ; under the term normal ciDss-section 
of the filament, we shall understand the cross-section 
u])on the space which is normal to the principal line 
through P. 

We shall now formulate the principle of conservation 
of mass. 

To every space R at a time /, belongs a positive 
quantity — the mass at R at the time /. If R converges 
to a point (,»*, /), then tlu* ({uotient of this mass, and 

the volume of R ap[)roaches a limit ^(.r, y, :, /), which is 
known as the mass-density at the S2)aee-time point 

The prineijile of conservation of mass says — that for 
an infinitely thin space-time filament, the ])rodnct /a//.], 
where /4= mass-density at the point (r, y, f) of the fila- 
ment (i.e., the jinncipal line of the filament), ^/J=eontents 
of the cross-section normal *to the f axis, and passing 
through ( sy, is constant along the whole filament, 

Cl 

Now the contents dj,, of the normal cross-section of 
the filament which is la>l through ( y, r, f) is 


J(4) rfj.= = dJ. 

Vl — dr 


and. the furption . fh) 

may be defined as the rest-mass density at the position 

.8 
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Then the principle of conservation of mass can 
be formulated in this manner : — 

Fo 7 * an wfniitef'fj thin apacc^lhne jifamrnl^ the prodnei 
of the renUmm^ rlemUy a-nil the eonfenh of the iiormal 
cros$^section is coiistant along the whole fd anient. 

In any^ space- time filament, let us consider two ^cross- 
sections Q® and Q', which have only the points on the 
boundary cibminon to each other ; let t/he space-time lines 
inside the filamcMit have a larg(3r value of t on Q! than 
on Ci". The finite range enclosed between Q'’ and Q' 
shall be called a space-time slchef^ is the lower 
boundary, and Q' is the upper boundary of the sicheL 

If we decompose a filament into elementary space-time 
filaments, then to an entrance-point of an elementary 
filament through the lower boundary of the sichef there 
corresponds an exit point of the same by the upper boundary, 
whereby for both, the product k 1J„ taken in the sense of 
(4) and (5), has got the same value. Therefore the difference 
of the two integrals ^vdJ^ (the first being extended over 
the upper, the second upon the lower boundary) vanishes. 
According to a well-known theorem of Integral Calculus 
the difference is equivalent to 

fiff lor y<jj d.v dy dz dt^ 

the integration being extended over th(‘ whole range of 
the sichel, and (comp. (f»7), ^1^) 


lor 


6ro>i 
VW — “7^ 

OiTi 




a-. 


. If the sichel reduces to a point, then the differential 
equation lor v(u=:0, ' * (6) 

f I 

* Sichel — a Gormapi word meaninpr a crescent or a jscytho. The 

original term ia retained as there is no snitable Engliph equivalent. 

( 

/ 
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which is the condition of coptinuiiy 


0 


df^n„ 

di 


d /^u, 

■0“. 


9/^ -.r 
0/^ 


Further let iis form the integral 
N = / J JJ vd I dyd :dt 


( 7 ) 


extending over the whole range of the space-time sic/tel. 
We shall decompose ihe a icAe/ into elementary space-time 
filaments, and every one of these filaments in small elements 
dr of its proper-time, which are however large compared 
to the linear dimensions of the normal cross-section ; let 
us assume that the mass of such a lilament vdJn^^dvi and 
write t", t' for the ^ Proper- time’ of the upper and lower 
boundary of the ulc/itd. 

Then the integral (7) can be denoted by 


J / vdJn dr^f 

taken over all the elements of the sieheL 

Now let us conceive of the s]mcc-tirae lines inside a 
^pace-time uchel as material curves comiiosed of material 
points, and let us * suppose that they are subjected to a 
continual change of length inside the sichel in the follow- 
ing manner. The entire curves are to be varied in any 
possible manner inside tht^ .v/cZ/tY, while the end points 
on the* lower and u])j)or boundaries remain fixed, and the 
individual substantial f)oints upon it are displaced in such a 
manner that they always move forward normal to the 
ciw’ves. The whole process may be analytically repre- 
sented by rh^ans of a i)ayameter \ and to the value A.=(?, 
shal? correspond tj:ie actual curves in^de the sichcU Such a 
piDcess mi|.y be called a virtual displacement in the sichel. 

Let tl'c point (iK, in the sichel A. = o have the 

values r + 8:, ^ + 3/, when the parameter has 
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(x 7 /zt). Then the principle of conf?ervation of mass can 
be formulated in this manner : — 

For an mfiniicht f^paroUime fi/amevi, the prodticf 
of the resUwasR demit y ond the eontentn of the normal 
cross-section is constant along the 7vh ole f lament. 

In any' space- time filament, let us consider two ^cross- 
sections Q" and Q\ which have only the points on the 
boundary dbmmon to each other ; let the space-time lines 
inside the filament have a lars^er value of t on Q! than 
on Q". The finite ran^e enclosed between Ci" and Q' 
shall be called a space-time sichel,^ Ci' is the lower 
boundary, and Q' is the upper boundary of the sichel. 

If we decompose a filament into elementary space-time 
filaments, then to an entrance-point of an elementary 
filament through the lower boundary of the sichef there 
corresponds an exit point of the same by the upper boundary, 
whereby for both, the product v(lJ„ taken in the sense of 
(4) and (5), has got the same value. Therefore the difference 
of the two integrals IvdJ ^ (the first being extended over 
the upper, the second upon the lower boundary) vanishes. 
According to a well-known theorem of Integral Calculus 
the difference is equivalent to 

//// lor vui d.v dy dz dt^ 

the integration being extended over the whole range of 
the sichely and (comp. (f7), § 1^) 


aajj 0,ra 



. If the sic/iel reduces to a point, 4 hen the differential 
equation lor v(ij=0, ‘ ’ (6) 

f 

* Siohel — a Germaia word moaning a croscont or a jscythe. The 
ordinal terra is retained as there is no snitahle Engliph equivalent. 
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which is the eoudition of continuity 


9 X 


, 6/An., 0/A?/^, 9/A_n 

^ ~6i/ -“aT a/, 


Further let us form the integral 


' • N = J J J / vfZ ! dyd dt ( V ) 

extending over the whole range of the space-time sicIieL 
We shall decompose the slcJief into elementary space-time 
filaments, and every one of these filaments in small elements 
dr of its proper-time, which are however large compared 
to the linear dimensions of the normal cross-section ; let 
us assume that the mass of such a filament vdJ n^dm and 
write T% t' for the ^Proper-lime^ of the upper and lower 
boundary of the sic/teL 

Then the integral (7) can be denoted by 


// vd^n dr=l ( t — t ") dm. 
taken over all. f he elements of the sichel. 

Now let us conceive of the space-time lines inside a 
kpace-tirne mdiid as material curves composed of material 
points, and let us *sup])Osc that they are subjected to a 
continual change of length inside the sichel in the follow- 
ing manner. The entire curves are to be varied in any 
possible manner inside tlic^ a7c//c/, while the end points 
on theMower and upper boundaries remain fixed, and the 
individual substantial f)oiiits u))on it are displaced in such a 
manner that thev always move forward normal to the 
curves. The whole j)roces*; may be analytically repre- 
sented by rfo^ans of a j)ayametcr and to the value As=:o, 
shalPcorres[X)nd ^le actual curves inside the sichel^ Such a 

piocess nnvy be called a virtual displacement in the sichel. 

» 

Let tf^c point in the sichel A=(? have the 

values ' y-f 8^ ^ + 8*, / + when the parameter has 
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the value X ; these magnitudes are then functions of {u‘, //, 
Zj X). Lei us now eoneeive of an infiriilely thin space- 
time filament at the jioint (.r ^ 7 /) with the normal section 
of contents and if be the contents of the 

normal section at the corresponding position of the varied 
filament, then according to the principle of conseryation 
of mass — being the rest-mass-density at the varied 
position), 

(8) (r + 8»') (//Jrt 4- 

In consequence of this condition, the integral (7) 
taken over the whole range of the dchel^ varies on account 
of the displacement as a definite function N + 8N of X, 
and we may call this function N + SN as the ma%s action 
of t'he virtual displacement. 

If we now introduce the method of writing with 
indices, we shall have 

(9) </(.«* +8 *)=<Z-»+S -®-^+ 

k O'fr 0X - 

/;=], 2, 8, 

• 2, 8, 4 


Now on the basis of the re marks already made, it is 
clear that the valiu; of N~f^N, when the value of the 
parameter is X, will be : — 


(10) 


N4.8N = 



dr 


fir dy (/: df. 


the integration extending over* the whole sichcl /^i^(T4-ST) 
where ^/(t-I-St) denotes the magnitucle, wliicdi is didueed from 

r 1 4- dhx ^ ( d,r 3 ‘ 4 “ dhx^ ) ® . {dx 3 4- dhx \ ) ® - ( rL* ’ 4 - dh 
by means of (9) and * ^ 

dr, dr, dr, r/X = 0 
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thfjrelore : — 

(11) = V -2(o,*+§ 

iiT a^>'k 

pA—l, 2, 3, 4. 

• • 2, 3, 4. 

Wti shall now subject the value of the differential 
quotient 



to a transformation. Since each ^ ' as a function of (.r, y, 
z, f) vanishes for the zero*va.lue of the paramater \ so in 

2 ’eneral =y, for X = o. 

0.r,, 

Let us now put ^ ii, (^=1, 2, ;b ^0 (1^3) 

• A- o 


,then on the basis of (10) and (11), we have the expression 

(12):-. 



fh', dy dz dt 


for the system (.(q .Co r J on the boundary of the 
sk/ieJ^ (8.rj 8 j) jshall vanish for every value of 

A and therefore 4"2) ^ iiil* Then by partial 

integratiop, the integral is ’transformed into. the form 

/ OvwaWi 0v(aAOJ2 ^ 0rw,,o)., d^WAW^ 

^^4 . ds +-0^ ■^•~a-.r7. 



djc, dy dz di 
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the exj)ressiou within the bracket may be written as 


= <«A. 


d 




a. 






ddi h 


Thy first sum vanisheAS in consequence of the continuity 
ji] nation (h). The second may be written as * 

4 - 4 - ^ 4 - 

9 a: 1 dr 5 .(■ 2 dr Q dr 9 (h 

= ~ i?: /^':A 

dr dr \ dr J 

whereby is meant the dijfferential quotient in the 
o * dr 

direption of the space-time line at any position. For the 
differential quotient (12), we obtain the final expression 



dx d^ dL 

For a virtual displacement in the aichcl we have 
postulated the condition that the points supposed to be 
substantial shall advance norn^ally to the curves .t^iving 
their actual motion, which is this condition denotes 

that the is to satisfy the condition c 

^,.=0. ^ (15) 

Let us now turn our attention to the JTaxwellian 
tensions in the electrodynamics of stationary bodies, ahd 
let us consider the results in § 12 and 13 ; then Ive find' 
that Hamilton’s Principle can be reconciled to the relativity 
postulate for continuously extended elastic media. 
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At every space-time point (as in § 13), let a space time 
matrix of the rind kind be known 


S.. 

R.a 

S.a 

Sx. 

!=! X, 


(16) S= R,. 

&2 s 

S 2 a 

Sa. 

Xa 

Xy 5^, -‘T, 

s,. 

Sa, 

Saa 

^ a 1 

X, 

Y, Z, .-«T, 


S.a 

S.a 


-»’X, 

-/Y, -iZ, T, 


where X„ are real magnitudes. 

For a virtual displacement in a space-time siehel 
(with the previously a))plied designation) the value of 
the integral 

(17) W+8W=; / f f dr iz dt 

O Ch 

extended over the whole range of the sic/tel, may be called 
the teusional work of the virtual displacement. 

The sum which comes forth here, written in real 
magnitudes, is 

x,+y;+z,+t,+x, |-'+x, 

o y 


Y 9 I 


o.< 


dst 

di 


we can now postulate the following minimum ^^rhicipie in 
mechanics, ^ 

\f any space-time Sirhel he hounded, then for each 
vi/rtnal displace nienr in the Sic/tel, the sum of the mass- 
works, and tension works shall always be an edremnm 
for that process of the spaee-tinw line in the Sichel which 
actually ))ccurs, • 

The* meaning is, that for each virtual displacement. 


/d(*aN4-SW) 
V d\ 


) 


=0 

x=o 


(18) 
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« 

By applying the methods of the Calculus of Varia- 
tions^ the following four differential equations at once 
follow from this minimal principle by means of the trans- 
formation (14), and the condition (15). 

(19) p =K»+X'<^* (/r-=l, 2, 4) 

Ot 

* # 

whence , (20i 

are components of the s]iaee-time vector 1st kind K=lor S, 
and X is a factor, which is to be determined from the 
relation — 1. By multiplying (19) by 7Vf,, and 

summing the four, we obtain X = Ktt?, and therefore clearly 
K-f (K5e)ie will be a space-time vector of the Jst kind which 
is normal to /c. Let us write out the components of this 
vector as 

X, Y, Z, /T 


Then vve arrive at the following equation for the motion 
of matter, 



and X + Z =1' . 

dr dr dr dr 

On the basis of this condition, the ‘fourth of equations (:21) 
is to be regarded as a direct consequerffee a? the fiffet three. 

' f 

From (ril), we can deduce the law for the motion of , 
, a 'material point, 2 \e,, the law for the career of « an infinitely 
thin space-time filament. 
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Let X, y, z, ty denote a j^oint on a principal line chosen 
in any maimer within the filament. We shall form the 
equations (21) for the points of the normal cross section of 
the filament through ^ , y, Zy /, and integrate them, multiply- 
ing by the elementary contents of the cross section over the 
whole space of the normal section. If the integrals of the 
right side be R, R, R, and if m be the cons’fcant mass 
of the filament, we obtain 


/ N d (i ** (id 11 

( 22 ) iay - =R.,, m / = 

(/t dr dr dr 


:Rv 


d dz „ 


d di n 


R is now a space-time vector of the 1st kind with the 
components (R,, R^ R, R^) which is normal to the space- 
time vector of the 1st kind /c, — the velocity of the material 
point with the components * 


d >• dy dz . df 

d r ' tr ’ dr ' * dr ’ 


We may call this vector R fh' niovhy foroe of the 
waterial yoinl . 


If instead of. integrating over the normal section, we 
integrate the equations over that cross section of the fila- 
ment which is normal to the / axis, and passes through 
{'\yy",t)y then [Sec (-1)] the equations (22) are oldained, but 


are now multiplied by 


df 


J ; in ])aiiienlar, the lest equa- 


tion comes out, io fhe form, 



d^ 

Jt 


4-?^'* R* 


— 

•dt 


The right side is to be looked upon ofi the amomd of work 
done per unit of time at the mjiierial ])oint. In this 
9 
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equation, we obtain the energy-law for Ihe motion oi 
the material ])oint and the expression 

” (»-0='* [ 7tb> -'] ="G «■'+! !*’'*+) 

may be called the kinetic energy of the material point. 
Since ({t is always greater than dr we may call the 

f * 

fit — dr 


quotient 


dr 


as the Gain (vorgehen) of the time 


over the proper- time of the material ])oint and the law can 
then be thus expressed ; — The kinetic energy of a ma- 
terial point is the product of its mass into the gain of the 
time over its proper-time. 

The set of four equations (:^2) again shows the sym- 
metry in which is demanded l)y the relativity 

postulate ; to the fourth equation however, a higher phy- 
sical significance is to be attached, as we have already 
seen in the analogous case in electrodynamics. On the 
ground of this demand for symmetry, the trijilet consisting 
of the first three equations are lo be constructed after the 
model of the fourtli ; remembering this circumstance, wq 
are justified in saying, — 

‘‘ If the relativity-] )ostu1ate be j>laeed at the head of 
mechanics, then the whole set of laws of motion folloAvs 
from the law^ of energy.’’ r 

I cannot refrain from showing that no contraclietion 
to the assumption on the relatiVity-postnlate can be 
expected from the ])henomena of gravitation. 

If e*, /*)beaso^id (fester) space-time point, 

theij the region of all those space-fime* points ^ (.r, y, z, /), 
for which • i - 

(^ 23 ) ‘ 
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may be called a ‘‘ Kay-lij^ure ” (Siralil-^ebilde) of the space 
time point 

A space- time lim^ taken in any mannev can be cut by this 
figure only at one particular point ; this easily follows from 
the convexity of the figure on the one hand, q.iid on the 
otlier Iiancffrom the fact that all directions of the space- 
time lines are only diicelions from B* towards to the 
concave side of t he figure. Then may be called the 
light-point of B. 

If in the point ( * y r /) be supp‘''sed to be fixed, 
the point be supposed to be variable, then 

the relation ('V6) would represent the locus of all the space- 
time points B*, which are light-points of B, . 

Let us conceive that a material ])oint V of mass f/t 
may, owing to the presence of another material point F*, 
experience a moving force according to tl\e following law. 
Let us picture to ourselves the space-time filaments of F 
and F* along with the principal lines t>f the filaments. Let 
BC he an infinitely small element of the prinei})al line of 
F ; further let be the light point of B, C* be the 
light point of C on the princi})al line of F*; so that 
t)A' if> the radius vector of the hvperboloidal fundamental 
figure (23) ])arallel to B'^C*, finally D* is tlie point of 
intersection of line B'^'C* with the si)ace normal to itself 
and passing through .B. The moving force of the mass- 
F in the sj)aee-time ]>oint B is now the space- 
time vector of' the first kind which is normal to BC, 
and which is composed of the vectors • 

, 9 a • 

(24) ) BT>* in the direction of BD*, and 

aiiolhiT Teetor of suitable value in direction of B*C*. 
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OA' \ 


is lo l)e understood the ratio of the 


two 


vectors in question. It is clear that tliis proposition at 
once show's the co variant eliaracter with respect to a 
Loren tz-group. 

Let us now ask how the space-time filament of F 
behaves w^heii the material point F* has a uniform 
translatory mol ion, /.<?., the princi[>al line of the tilameiit 
of F* is a line. Tjef u« take the space time null-point in 
this, and by means of a Lonmtz-transformation, we can 
take this axis as the /-axis. Tjet y, z, /, denote the point 
B, let T* denote the proper time of B*, reckoned from O. 
Our pro])osition leads to the equations 

^ ^ (i^r^y 


where (27) -f 



In consideration of (27)^, the three equations (25) are 
of the same form as the e(iuation.s for the motion of a 
material point subjected to attractihn from a fixed centre 
according to the Newtonian Law, only that instead of' the 
time /, the proper time r of the material ])oint occurs. The 
fourth e4juation (26) gives then*the^ eonncqjifon between 
proper time and the time for the material })oii'it.. * 

Now for different values of r , the orbit of* the space- 
point (.r y z) is an elli])se with the semi-major axis a and 
the eccentricity <?, Let E denote the exceiftric anomaly, T 
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the increment of the proper time for a coii)})lete description 
of the orbit, iinally uT so that from a properly chosen 
initial point t, we have the Kepler-ecpiation 

(*29) ^ sin E. 

If we now chanc;e the unit of time, and dencTte the 
\elocity li^ht by e, then from (!^8), we obtain 



I -f-<?eosE 
ao'^ 1— (TCOsE 


Now neglectiiij^ (?"* with regard to 1, it follows that 


ndt^ndT 



7)1^ 

ac^ 


1 -{-f’eosK “j 

i— ecosE J 


from which, by applying (~9), 

(81) nt 4- const 1-fi— ^ ^ SinE. 

\ ac^ / //f- 


thc factor ---- is here the s(iuare of the ratio of a certain 

* 

average velocity of F in its orbit to the velocity of light. 
If now ;//" denote the mas.^ of the. sun, a the semi major 
axis of the earth’s orbit, then tin’s factor amounts to 10"^. 

'The law of mass attraction wliich lias been just describ- 
ed and wbieb is ^forimilaled in accordance with the 
'relativity postulate would signify that gravitation is 
l>ropagated with the velocity of light. In view of the fact 
that the* periodic te^ms in (81) are very' small, it is not 
ijossible to decide* out of astronomical observations between 

* I > 

- such a-^law (with the modified mechanics proposed above) 
and the Newtonian law of attraction with Newtonian 
mechanics. 
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resolved in siicli worhLlivefi, and I may just deviate from 
my point if I say tliat aeoovdin^ to my opinion the physical 
laws would find their fullest expression as mutual relations 
ainonj^ these lines. 

By this conception of lime and space, the mani- 

foldness / = o and its two sides /<o and />o falls asunder. 
If for the sake of simjjlicity, we koe]) the null-pofnt oi* time 
and space fixed, then tlie first named ^^rouj) of mechanics 
sii^nifies that at / = o we can give the and ^-axes any 

possible rotation about the null-point corresponding to tlie 
homogeneous linear transformation oi* the expression 

-f // - + c”. 

The second group denotes that without changing the 
expression for the mechanical laws, vve can substitute 
(.1— a/, "—//O ('> ?h where (a, y) are any 

constants. According to this we‘ can give the time-axis 
any possible direction in the upper half of the woild />o. 
Now what have the demands of orthogonality in space to 
do with this perfect freedom of the - time-axis towards the 
upper half ? , 

To establish this eonnectiou, let us take a positive para- 
meter e, and let us consider the figure 

According 1 o the analogy of the hyperboloid of two 

sheets, this consists of two sheets sepsj rated by / = f>. Let us 

consider the sheet, in the region of if >0, and lot us now 

conceive the transformation of , y, i in thh new system 

of variables ; (» ', y\ z , i') by means of which the form of 

. * ** 

the expression will remain unaltered. Clearl}^ the rota^tion 
of space round the null-point belongs \o this , group of 
' transformations. Now we can have a full idea of the trans- 
formations which we picture to ourselves from a particular 
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transformation in which (y, z) remain unaltered. Let 
us draw the ctoss section of the upper sheets with the 
plane of the .r- and /-axes, the upper half of 

the hyperbola c-/“— *.'“ = 1, with its asymptotes {vide 
ti<?. f). 

• 

Then Jet ns draw the radius rector OA', the tangent 
A' B' at A', and let us complete the parallelogram OA' 
B' C' ; also produce W G' to meet the --axis at I)'. 
Let ns now take Ox', OA' as new' axes with the unit mea- 

snrinoj rods OC' = l, OA'=^ ; then the hyperbola is a^ain 

(expressed in the form 6'-/'- — = 1 , t'>o and the transi- 
tion from (r, y, /) to ( is one of the transitions in 

question. Let ns add to this characteristic transformation 
any j)ossiblc displacement of the s])aee and time null-points ; 
then wo ^et a i^roiip of transformation de].)endin" only on 
c, which we ma}' denote by O, . 

Now let us increase c to inlinity. Thus ^ becomes zero 

‘ c 

• 

and it appears fropn the iit^nre that the hyperbola is ^radn- 
ally shrunk into the ..-axis, the asym])totic an^le be- 
comes a straii^ht one, and every spc'cial transformation in 
the limit chani>’es in such a manner that the /-axis can 
have anj^ possible direction upwards, and ' more and 
more apjwoximates to Remembering this point it is 
ele£L»r that the full ^roup belontring to Newtonian Mechanics 
is simply the glDup with the value of c=oo. In this 
state of affairs, and since is mathematically more in- 
telligible than G oo'\ a mathematician may, by a free play 
of imagination, hit upon the thought* that natural pheno- 
mena possess an •invariance not only for the group G^, 
but in fact also for a group G,, where c is finite, but yet 
10 ^ ‘ 
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exceedingly large compared io the usual measuring units. 
Such a preconception would be an extraordinary triumph 
for pure mathematics. 

At the same time I shall remark for which value of c, 
this invariance can be conclusively held to be true. For c, 
7ve shall substitute the velocity of light c in fn'^e hpace. 
In order to avoid speaking either of s})aee or of vacuum, 
we may take this quantity as the ratio between the electro- 
static and electro-magnetic units of electricity. 

We can form an idea of the invariant character of the 
expression for natural laws for the group- transformat ion 

in the following manner. 

Out of the totality of natural phenomena, we can, by 
successive higher approximations, deduce a coordinate 
system (>’, y, r', /) ; by means of this coordinate system, we 
can represent the phenomena according to definite laws. 
This system of reference is by no means uniquely deter- 
mined by the phenomena. H e can change the system of 
reference in any possible manner corresponding to the above- 
menUoned, group irans formation (i^^bni the e.rpressj^ons for 
natural laics icill not be changed thereby. 

For example, corresponding to th«» above described 
figure, we can call /' the time, but thtm necessarily the 
Space connected with it must be expressed by the 'mani- 
foldness (./ y ^). The physical law.< are now expressed by 
means of t \ — and the expressions are just the 

same as in the case of According to this, we 

shall have in the world, not one space, but mapy spaces, — 
quite analogous to t)ie case that the ^threordimensional 
space consists of an infinite number of planes. TSie three- 
dimensional geometry will be a chapter of four-dimensional 
physics. Now you perceive, why I said in the beginning 
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iliat time and s])aee shall roduco (o mere shadows and we 
shall have a world complete in itself. 

II 

Now the question may be asked, — what circumstances 
lead us to these chajij[i;*e(l views about time and space, are 
they not in contradiction with obser\od plienomena., do 
they finally iijuarautee us advanta.t;’cs for the description of 
natural phenomena ? 

IJefore we enter into the discussion, a very important 
point must be noticed. Supjwse we h:i.vc individualised 
time and space in any manner; then a world-line parallel 
to the /-axis will (H)rrespond to a stationary })oint ; a 
world-line inclined to the /-axis will correspond to a 
point moving uniformly ; and a world-curve will corres- 
pond to a point moving in any manner. Let us now picture 
to our mind the world-line passing through any world 
point , y, z, / ; now if we find the world-line parallel 
to the radius vector OA' of the hyperboloidal sheet, then 
we can introduce OA' as a new tirae*axis, and then 
accorditig to the new conceptions of time and space the 
substance will* appear to be at rest in tlie world point 
concerned. We shall nyw introduce this fundamental 
axiom : — 

^Thft inMance c iHfhiij vl con/ world point can always 
he conceived^ to he at w/, if wc c^taldii^ oar time and 
apace mitahlij, Th*e axiom denotes that in a woi'ld-point 
the expression 

’ c'^dt^ -^dx^ —df/'^ —dz^ 

gjiall ahyays be* positive or what is equivalent .to the 
• same thing, every velocity y should be smaller than c. 
c shall therefore be the upper limit for all substantial • 
velocities and herein lies a deep significance for the 
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quantity t\ At the first impression, the axiom seems to 
be rather unsatisfactory. It is to be remembered that 
only a modified mechanics will occur, in which the square 
root of this differential combination takes the place of 
time, so that cases in which the velocity is pjreater than r 
will play no <part, somethinj^ like imaginary cqqrdinates 
in geometry. 

The inipnlse and real cause of inducement /or the 
asstnupfiou, of the (iro^fp-iramformatiod (i, is the fact that 
the differential ecpiation for the propagation of light in 
vacant space possesses the group-transrormation On 

the oth(3r hau l, the idea of rigid bodies has any sense 
only in a system mocdianics with the grou]) . Now 
if we have an optics with G,, and on the other hand 
if there are rigid bodies, it is easy to see that a 
/-direction can be de lined by the two hyperboloidal 
shells common to the groups G^, and G^, which has 
got the further eonse<iucn(*e, that by means of suitable 
rigid instruments in the laboratory, we can f)orceivc a 
change in natural phenomena, in case of different orienta- 
tions, with regard to the direction of pro/gressive <,motion 
of the earth. Bnt all efforts directed towards this 
object, and even the cehdn'afed interference-experiment 
of Michclson liave given negative results. In order to 
supply an explanation for this result, IT. A. Losentz 
formed a hypolliesis which practically amounts to an 
invariance of oj)tics for the grou]) G^. According to 
fjorentz every substance shall suffer a*" contraction 

ill length, in the 'direption off its motion 
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This hypothesis sounds rather ))hautastical. For the 
contraction is not to be thought of as a consecpience of the 
resistance of ether, but purely as a gift from the skies, as a 
sort of Condition always accompanying a state of motion. 

I shall s])ow in our figure that Lorentz’s hypothesis 
is fully ecjuivalent to the new conceptions about« time and 
space. Thereby it may appear jnore intelligible. Let us 
now, for the sake of simplicity, neglect {f/y c) and fix our 
attention on a two dimensional world, in which let u])right 
strips parallel io the /-axis represent a state of icst and 
another ])arallel strip inclined to Ihe /-axis represent a 
state of uniform motion for a body, which has a constant 
spatial extension (sec (ig. J). If OA' is parallel to the second 
strip, wo (;an take /' as the /-axis and .r' as the <r-axis, then 
the second body will a[)poar to be at rest, and the first body 
in uniform motion. We shall now assume that the first 
body supposed to be at rest, has the length 1, /.c., the 
cross section PP of the (Irst strip upon the .'-axis=/* OC, 
where OC is the unit measuring rod mxm the .r-axis — and 
the second body also, wlien supposed to be at rest, has the 
*samc length /, this means that, the cross section O'O' of 
the second strip has a cross-section /‘OC', when measured 
parallel to the ''-axis. Iiu these two l)odies, we have 
now images oF two Lorenlz-electrons, one oF which is at 
rest and the other moves* imiFormly. Now if we stick 
to our original coordinates, then the extension of the 
second electron is gWeii by the cross section OO of the 
strip belonging io it measured ])arallel to the <-axis. 
Now it is clear since that QQ = /’OI)'. 


If 


di' 


o 

easy Calculation gives that 


“ * / ^^2 PP _ 

OD' — OC ^ c’-, therefore CiQ "" 
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ThivS is (he sense of Loreiitz’s hypothesis about the 
contraction of electrons in ease of motion. On the other 
hand, if we conceive the second electron to be at rest, 
and therefore adopt the system ( t , {\) then the cross-section 
P'P' of the strip of the electron parallel to OC' is to be 
regarded its length and we shall find the first electron 
shortened with reference to the second in the same propor- 
tion, for it is, 

QQ 

a'Q'““OC'*~OC PP 

Lorentz called the combination (' of (/ and .i) as the 
locals ti tfo {Otiszetf) of the unifornil}^ moving electron, and 
used a physical construct ion of (bis idea for a better compre- 
hension of the coni raetion-hy[)o thesis. But to perceive 
clearly that the time of an <‘h‘ctron is as good as the time 
of any other electron, i.<\ /, /' are to be regarded as equi- 
valent, has been the service of A. Einstein [Ann. d. 
Phys. 891, p. 1905, Jahrb. d. Radis ..4-1-11—1907] There 
the concept of time was shown to be completely and un- 
ambiguously established by natural phenomena. But tl\e 
concept of space was not arrived at, either byr Einstein 
or Lorentz, probably be<^ause in the case of the above- 
mentioned spatial transformations, wlicre the ( » (') piano 
coincides with the »-/ plane,'‘thc significance is possible 
that the t-axis of space some-how remains conserved in 
its position. , 

Wc can approach the idea of space in a corresponding 
manner, though some may regard the attempt as rather 
fantastical. ' • ^ ‘ 

According to these ideas, the word Relativity-Postu- 
late^’ which has been coined for the demands of* in variance 
in the group G, seems to be rather inexpressive Tor a true 
understanding of the group Gr, and tor further progress. 
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Because the sense of the postulate is that the four- 
dimensional world is given in space and time by pheno- 
mena only, but the projection in time and space can 
be handled with a certain freedom, and therefore I would 
rather like to give to this assertion the name The 
Podidafe of the AhmJnfe wor/dP [World- Postulate]. * 


III 

By the world- j)ostulate a similar treatment of the four 
determining (piantities .r, j/, cr, /, of a world-point is pos- 
sible. Thereby the forms under which the physical laws 
come forth, gain in int(dligibility, as I shall presently show. 
A.bove all, the idea of acceleration becomes much more 
striking and clear. 

I shall again use the geometrical method of expression. 
Let ns call any world-iioint O as a S])aee-time-nnII- 
point.’’ The cone 


V. — d - 0 

•» 

(‘onsists of two jiarts with () as apex, one part having 
/<()', the other having /Xl. The first, which we may call 
t\\e for^-cone consists of all those points wliich send light 
towards O, the second, whi(di we may call the aff-co'ne, 
consists of all those points which receive their light from 
O. The regmn bounded by the fore-cone may be called 
the fore-si% of O, and the region bounded ‘by the aft-cone 
may be called the aft-side of O. {Vide fig. 2). 

On the aftrsicle of O wo have the already considered' 
hyperboloidal shell P=c®/* — — z* = 1 , i>0. 
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The re<?ion inside the two cones will be oeeupied by the 
hyperboloid of one sheet 

— F= 4- ;/* -f-r’* — 

where can have all possible positive values. The 
hyperbolas iwhioh lie upon this lic^ure with O a^s csuitre, 
are important for us. For Ihe sake of clearness the indivi- 
dual branches ol* this hv^^erbola will be called the “ Juh^r- 
hifpn'hoJa milk Such a hyperbolic branch, 

when thousjht of as a world-line, would represent a 
motion which for / = — oo and /=oo^ asymptotically 
approaches the velocity of li^ht r. 

If, by way of analoi!:^y to the idea of vectors in space, 
we call any directed leni»;th in the manifoldness a 

vector, then we have to distini^^uish between a time- vector 
directed from O towards the sheet +F:=l,f>0and a 
space-vector directed from O towards the sheet — F= 1. 
The time-axis can be parallel to any vector of the first 
kind. Any world-point between the fore and aft eone^ 
of O, may by means of the system of reference be reo'ard<»d 
either as synchronous with (), as well a's later or' earlier 
than O. Every world-point, on the fore-side of O is 
necessarily always earlier, every ])oint on the aft side of 
O, later than O. The limit corresponds to a coni- 

])lete folding up of the wedge-shaped cross-section betvvecn 
the fore and aft cones in the manifoldness / = 0. In the 
figure drawn, this cross-section has been intentionally 
drawn with a different breadth. 

Let us decompose a vector drawn from 0 towards 
{x,y,Zyt) into its com])onents. If the directions of ihe tw^o ^ 
vectors are respectively the directions of the radius ..vector 
OR to one of the surfaces ±F=], and of a tangent RS 
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at the point R of tlie surface^ then tlie vectors shall be 
called normal to each other. Accordingly 

which is the condition that the vectors with the com- 
ponents {>,//, Zj t) and (r j fji f'i) are normal to each 
other. 

For th(‘ ineamrcwml of vectors in different directions, 
the unit measuring rod is to be fixed in the following 
manner; — a sj)ace-like vector from 0 to — F = I is always 
to have the measure unity, and a time-like vector from 

() to -f F= 1, />0 is alwaj's to have the measure 

Let us now fix our attention upon the world-line of a 
substantive point running through the world-point (^, y, 
r", ; then as we follow the progre^^ of the line, the 

quantity 

dT= ^ — dy '^ — 

c 

♦ 

corres])oU(ls to the* time-like vector-element (^.r, d//^ (h, df). 
The integral J dr^ tafeen over the world-line from 

9 

any fixed initial point P,/ to any variable final point P, 
may be called the “ Proper-time ” of the substantial i)oint 
at P„ upon the worldMne. We may regard ( r, y, i), 

the components of the vector OP, as functions of the 

» 

proper-timtf ” t; let (.r,.y, f) denote the first differential- 
' . • 

quotients/* and (.r, y, f) the second differential quotients 
» ) 

of ( ■, V, i, t) with regard to r, then these may respectively 
Hi 
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calleil ilio i\'for.ft//-‘Vecloi'y and the Accel cration-vf^cior 
of .the substantial point at P. Now we have 

c'-> i 't — .i. — yy — z ;=:0 j , 

i,c., i\wA I cloaf //-vector^ is the tiine-liko vector ot unit 
measure in the direction of the world-line at P, the ‘ Accc/r- 
?'alio/i-vcclor^ at P is normal to the velocity-vector at P, 
and is in any case, a space-like vector. 

Now there is, as can be easily seen, a certain hypio’bola, 
which lias three inlinitc'ly contiguous points in common 
with the Nvorld-liue at P, and (^f which the asymjitotes 
are, the generators of a More-cone^ and an ^{ift-cone/ 
This liyperbola may be called the hy])erbola of curvature 
at P {ri(/e If M be the centre of this hyperbola, 

then we have to deal here witli an ' Inter-hyperbola^ wdth 
centre M. Lot P = measure of the vector MP, then we 
easily perceive tliat the acceleratioli-vectoj* at P is if vector 


c . 

of iiiagulttide m the direction of MP. 

fi 

If //, c', t are nil, then tlie hyperbola of curvature 
at P rodiices to the straight, lint* touching the world-line 
at P, and ^;=oc. 


IV 

In order to demonstrate that the assumption of the 
group (r,. for the physical laws does not pohfslbly lead to 
any contradiction, it i^ unnecessary to un(lertake a revision 
of the whole of physics on the basis of the aj^sumptions 
underlying this group. The revision has already been 
successfully made in the case of “ Thermqdynarnics and 
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Kadiatioii/’^' for ‘‘Electromagnetic })henomena ’Vt* and 
filially for “Meclianics with the maintenance of the idea of 
massd’ 

If or this last mentioned province of physics, the ques- 
tion may be ashed : if there is a force with the components 
X, Y, Z (in the direction of the space-axes) at a *world- 

])oint (.r, f), vvhere tlie velocify-vector is (^, i/, z, /), 

then how are we to regard this force when the system of 
reference is changed in any possible nmnncr ? Now it is 
known that there arc certain well-tested theorems about 
the ponderomotivo force in electromagnetic fields, where 
the group G, is undoubtedly permissible. These theorems 
lead us to the following simple rule; i/ ihr '^piom of 
fjr chan(fV(l iu ant/ wa//, {/ten (he svp/tose<(> foYce is 
iit 1)0 /)tfl as a j'oi'ce ta l/te. tteir sjtace-e.aardi aal>es In sneh a 
uia/tiirr, f/af Ute eorres/nyndi ittj rector trii/t ilte eowponents 

/X, /Y, /Z, /T, 

n'Jtryc T= ^ X + (dtv rate of 

e'^^ \ / I i ) c~ 

* I 

w/tic/t tror/r is done at fhe iror/d-poiv!)^ remains vn altered, 
d'liis vector is always normal to the velocity -vector at P. 
Such a force-vecdor, roi:>resonting a force at P, may be 
cal 1 1(1 a mordn/f for ee^red or at P. 

N'.nv the world-line jiassing through P will be described 
f>y a sni)stantial point with the constant mechanical mass 
m. Let. us call nidimes ^ the velocity-vector at P as I he 

4 (» 

1 * Pimirk, Ziir Dynnmik bewegter pyptome, Ann. tl. pbysik; Bd. 20, 
, 1908 , 

t Mink(>;svHki ; the ]iaHPage refers to paper (2) of the present , 
edition. 
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im2mhe-vecioi\ and mMmes ibe acceleration-vector at P as 
the force-vector of motion^ at P. According to these 
definitions, the following law tells us how the rnotion of 
a point-mass takes place under any moving force-vector* : 

The force-vector of motion is equal to the moving force- 
vector^ ^ 

This enunciation comprises four equations for the com- 
ponents in the four directions, of which the fourth can be 
deduced from the first three, because botli of the above- 
mentioned vectors are [)orpendicular to the velocity- vector. 
From the definition of T, we see that the fourth sirnjdy 
expresses the Enerery-Iaw.^’ Accordingly r- -times the 
tom.poneni of the i mjmJse-vector in the direction of the 
i-axis is to be defined as the Jciaeiic-enetg// of the point - 
mass. The expression for this is 



i.e,y if we deduct from this the fidditive constant me- ^ we 
obtain the expression 4 of Newton lan-meehanics u})to 

magnitudes of the order of -i. Hence it** appears Uiat the 

energg depends upon the stjstem'of reference. But since the 
^-axis can be laid in the direetimi of any time-liko axis, 
therefore the energy-law comj^nses, for any possible system 
of reference, the whoL* system of qcpiations of motion. 
This fact retains its significance even in the limiting ease 
0=00, for the axiomatic construction ol Newtonian 
mechanics, as, has already been pointed out .by T. R. 
Schiitz.t 

' * Minkowski — Mechanics, appendix, page 65 of paper (2). 

Planck — Verb, d. D, P. G. Vol. 4, 1906, p. 136. 
f Schiitz, Gofct, Nachr. 1897, p. 110. , 
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From the very beginning, we can establish tlie ratio 
between the units of time and space in such a manner, thtit ^ 
the velocity of light becomes unity. If we now write 
/ = /, in the place of /, then the differential ex])ression 

dr- = — ' 

becomes symmetrical in ( r, /) ; this symm('try then 
enters into each law, which docs not contradict the yrcrA/- 
poHialali\ We can clothe the ^'essential natiirt' of this 
]K^stulate in the mystical, but, mathematical] \ significant 
formula 

.‘>*10 lim =: —1. Sc(', 


V 

Tlie advantages arising from the formulation of the 
world-j^o^tulate are illustrated by nothing so sfrikingly 
as by the (‘X])ressioiis which tell us al>out tiu^ redactions 
exerted by a point-charge moving in any manner accord- 
ing to five Maxwdl-Lorentz theory. 

Let us conceive of the world-line of such an electron 
with the charge (c), and let ns introduce uj>on it the 
Pr.>pv r4ime t reckoned’ from any ])ossible initial point. 
In order to obtain the held caused by the electron at any 
world-point P, let us' construct the fore-cone !)elonging 
to P, {I'ide tig. 4). Clearly this cuts the unlimited 
world-line of the electron at a single point P, because these 
directions a’rp all time-like vectors. At P, let us draw tin* 
tangent to the y/^orld-line, and lot us draw from P, the 
normal to this tangent. Let be the measure ofP^Q. 
According to the definition of a fore-cone, rjo is to be 
reckoned as the measure of PQ. Now at the world-point Pj, 
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tlien / may be introduced in such a manner that m may be 
re^^'irded as fixed, the motion of w is now subjected to the 
moving-force vector of m alone. If we now modify this 


given vector by writing _ ^ instead of / (f = 1 up 


to magnitudes of the order ), then it apj^ears that 

Kcp]er^s laws hold good for the ])Ositioii of 

at any time, only in jdace of ibe time I we have to 
write tiie proper time of j. On the basis of this 
simple remark, it can be seen that the proposed law of 
attraction in combination with new mechanics is not less 
suited for the explanation of astronomical phenomena than 
the N(‘wtonian law of attraction in combination with 
N ( * w t on ia n m < ‘ch a n ies . 

Also the fundamental oejuations for electro-magnetic 
processes in moving bodies are in accordance with the 
world-postulate. 1 shall also show on a later occasion 
that the dediictiou of these equations, as taught by 
Loren tz, aic by no means to be given up. ^ 

'Phe fact that the world-[)Ostulale holds without’ excep- 
tion is, I believe, the true essence of an (dectromagnetic 
])icture of the world ; the idea first occurred to Loren tz, its 
essence was first picked out by lilllnsbdn, and is now gradu- 
ally fully manifest. In course of time, the mathematical 
consequences will be gradually deduced, and enough 
suggestions will be forthcoming for the experimental 
verification of the postulate ; in this way even those, wha 
find it uncongenial, or even painful, to give \}p the old, 
time-honoured concepts^ will be reconciled to the new ideas 
of time and s})ace,— in the prospect that they will 'lead to 
pre-established harmony between pure ma’thomatics and 
})hysics. 



The Foundation of the Generalised 
Theory of Relativity 

By a. Einstein. 

From Am.alen der Phynh 4.49,1916, 

The theory which is sketched in the following pages 
forms the most wide-going generalization conceivable of 
what is at present known as the theory of Relativity ; ” 
this latter theory I differentiate from the former 
"Special Relativity theory," and suppose it to be known. 
The generalization of the Relativity theory has been made 
much easier through the form given to the special Rela- 
tivity theory by Minkowski, which mathematician was the 
first to recognize clearly the formal equivalence of the space 
like and time-like co-ordinates, and who made use of it in 
the building up of the theory. The mathematical apparatus 
useful* for the general relativity theory, lay already com- 
|)lete in the "Absolute Differential Calculus," which were 
•based on the researches of (iartss, Riemann and Christoffel 
on the iion-EucIidean manifold, and which have been 
shaped into a system by Riccj and Levi-civita, a-nd already 
applied to the problems of theoretical physics. I have in 
part B of this coramunicsltjon developed in the simplest 
and clearest manner, all the supposed mathematical 
auxiliaries, not known to Physicists, which will be useful 
far our purpose, so that, a study of the mathematical 
liji^’ature is not necessary for an understanding of this 
paper. Finiijly in this place I thank tny frieiid Grossmann, 
by /Whose help } was not only spared the study of the 
mathematical literature pertinent to this subject, but who 
also aided me in the researches on the field equations of 
gmvitation. 

12 
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A 

Principal considerations about the Postulate 
OF Relativity. 

$ 1. Remarks on the Special Relativity Theory. 

special relativity theory rests on the following 
postulate which also holds valid for the Galileo- Newtonian 
mechanics. 

If a co-ordinate system K be so chosen that when re- 
ferred to it, the physical laws hold in their simplest forms 
these laws would be also valid when referred to another 
system of co-ordinates K' which is subjected to an uniform 
translational motion relative to K. We call this postulate 
" The Special Relativity Principle.^' By the word siHHiial, 
it i{? siji^uitied that the principle is limited to the case, 
when K' has nniform iratidaior^ motion vrith reference to 
K, but the equivalence of K and K' does not extend to the 
case of Dou-uniform motion of K' relative to K. 

The Special Relativity Theory does not differ from the 
classical mechanics throui?h the assumption of this postu- 
late, but only through the |)Ostulate of the coostancy of 
light-velocity in vacuum which, when combined with the 
special relativity postulate, gives in a well-known way, the 
relativity of synchronism as w^ell as the Lorenz- transfor- 
mation, with all the relations betv/een moving rigid bodies 
and clocks. * 

The modification which the tbeerry of space and time 
has undergone through the special relativity theory, is 
indeed a profound one, but a, weightier point remaih^ 
untouched. According to the special relativity fjtheory, the 
theorems of geometry are to be lookecl ppon os the laws 
about any possible relative positions of solid bodied at rest, 
and more generally the theorems of kinomatihs, as theorems 
which describe the relation between measurabjie bodies and 
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clocks. Consider two material points of a solid body at 
rest ; then according to these conceptions their corres- 
ponds to these points a wholly definite extent of length, 
independent of kind, position, orientation and time of the 
body. 

Sjpi^arly lei us consider two positions of the pointers of 
a clock which is at rest with reference to a co-ordinate 
system ; then to these positions, there always corresponds, 
a time-interval of a definite length, indei)endent of time 
and place. It would be soon shown that the general rela- 
tivity theory can not hold fast to this simple physical 
significance of space and time. 

§ 2. About the reasons which explain the extension 
of the relativity-postulate. 

To the classical mechanics (no less than) to the special 
relativity theory, is attached an episteomological defect, 
which was perhaf>s first cleat’ly pointed out by E. Mach. 
We shall illustrate it by the following example ; Let 
two fluid bodies of ecpial kind and magnitude swim freely 
in space at such a great distance from one another (and 
from all other masses) that only that sort of gravitational 
forces are tx> be taken into account which the parts of ^\\y 
of these bodies exert iij)on each other. The distance of 
the .bodies from one another is invariable. The relative 
.motion of the different parts of each body is not to occur. 
Bint each mass is seen to rotate by an observer at rest re- 
lative the • other mass round the connecting line of the 
Masses with a constant aitgular velocity (definite relative 
motion for^both tly? masses). Now let us think that the 
suf faces. of* botb the bodies (Sj and S.) are measured 
with the help of measuring rods (relatively at rest) ; it is- 
then found that the surface of S , is a sphere and the 
surface of the. other is an ellipsoid of rotation. We now 
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ask; why is this difference between the two f)odies ? An 
answer to this question can only then be regarded as satis- 
factory from i-hc episteomological standpoint when the 
thing adduced as the cause is an observable fact of ex- 
perience. The law of causality has the sense of a definite 
statement a|;)out the world of experience only when 
observable facts alone appear as causes and effects. ^ 

The Newtonian mechanics does not give to this question 
any satisfactory answer. For exam})le» it says ; — The laws 
of mechanics hold true for a space B,, relative to which 
the body S ^ is at rest, not however for a space relative to 
which Ss is at rest. 

The Galiliean space, which is here introduced is how- 
ever only a purely imaginary cause, not an observable thing. 
It is thus clear that the Newtonian mechanics does not, 
in the case treated here, actually fulfil the requirements 
of causality, but produces on tlie mind a fictitious com- 
placency, in that it makes responsible a wholly imaginary 
cause for the different behaviours of the bodies S, and 
S, which are actually observable. 

A satisfactory explanation to the question put forward 
above can only be thus given : — that the physical system 
composed of Si and show’s for itself alone no con- 
ceivable cause to which the different behaviour of S , and 
S, can be attributed. The cause' must thus lie outside, the 
system. We are therefore led to the conception that the 
general laws of motion which determine specially the 
forms of Si and must be of such a kind, that tl^e 
mechanical befaq-viour of S, and must be essentially* 
conditioned by the distant masses, “ which we** had not 
brought into the system considered. These 'distant mass^, 

# (and their relative motion as regards the bodies under con- 
sideration) are then to be looked upon as the seat of the 
principal observable causes for the different' beh/siviours 
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of the bodies under consideration. They take the place 
of the imaginary cause R^. Among all the conceivable 
spaces Rj and R^ moving in any manner relative to one 
another^ there is a priori, no one set which can be regarded 
as affording greater advantages, against which the objection 
which was already raised from the stand ))oint of the 
theory oFItnowledge cannot be again revived. The laws 
of physics must be so constituted that they should remain 
valid for any system of co-ordinates moving in any manner. 
We thus arrive at an extension of the relativity postulate. 

Besides this momentous episteomological argument, 
there is also a well-known physical fact which speaks in 
favour of an extension of the relativity theory. Let there 
be a Galiliean co-ordinate system K relative to which (at 
least in the four-dimensional- region considered) a mass’ at 
a sufficient distance from other masses move uniformly iu 
a line. Let K' be a second co-ordinate system which has 
a uniformly accelerated n)otion relative to K. Relative ta 
K' any mass at a sufficiently great distance expediences 
an accelerated motion such that its acceleration and the 
•direction of acceleration is independent; of its material com- 
position ’and its ^)4iysical conditions. 

Can any observer, at rest) relative to K', then conclude 
that he is in an actually accelerated reference-system ? 
This is to be answered in flic negative ; the above-named 
behaviour of the freely moving masses relative to K' can 
be explained in as ^ood a manner in the following way. 
The reference-system K' has no acceleration. In the spaee- 
region considered there is a gravitation-field which 
generates tile accelerated motion relative to K'. 

’'This coAceptmn is feasible, because to us the experience, 
oi the existence of a field of force (namely the gravitation 
field) has shown that it possesses the remarkable property 
of imparting . the same acceleration to all bodies. The 
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mechanical behaviour of the bodies relative to K' is the 
same as experience would expect of them with reference 
to systems which we assume from habit as stationary; 
thus it explains why from the physical stand-point it can 
be assumed that the systems K and can both with the 
same legitimacy be taken as at rest^ that is, they will be 
equivalent as systems of reference for a desffription of 
physical phenomena. 

From these discussions we see, that the working out 
of the general relativity theory must, at the same time, 
lead to a theory of gravitation ; for we can create ’’ 
a gravitational field by a simple variation of the co-ordinate 
system. Also we see immediately that the principle 
of the constancy of light- velocity must be modified, 
for we recognise easily that the path of a ray of light 
with reference to K' must be, in general, curved, when 
light travels with a definite and constant velocity in a 
straight lin<‘ with reference to K. 

^ 3. The time-space continuum. Requirements of the 
general Co- variance for the equations expressing « 
the laws of Nature in general. 

In the classical mechanics, as well as in the special 
relativity theory, the co-ordinates of time and space have 
an immediate physical significance ; when we say^ that 
any arbitrary point has as its co-ordinate, it signifies 
that the projection of the point-event on the X]-a::|is 
ascertained by means of a solid rod according, to the rules 
of Euclidean Geometry is reached when ^ definite measur- 
ing rod, the unit rod, can be carried tinfes from the 
origin of co-ordinates along the Xj axis. «A p6int havfng 
as the X^ co-ordinate signifies that a unit cloci: 
which is adjusted to be at rest relative to the system of 
co-ordinates, and coinciding in its spatial position with the 
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point-event and set according to some definite standard has 
gone over ,r>^=zl periods before the occurence of the 
point-event. 

This conception of time and space is continually present 
in the mind of the physicist, though often in an unconsci- 
ous w aj,j^ is clearly recognised from the role^whicli this 
conception has played in physical measurements. This 
conception must also appear to the reader to be lying at 
the basis of the second consideration of the last para- 
graph and imparting a sense to these conceptions. But 
we wish to show that we are to abandon it and in general 
to replace it by more general conceptions in order to be 
able to work out thoroughly the i)0stiilate of general relati- 
vity,— the case of special relativity appearing as a limiting 
case when there is no gravitation. 

We introduce in a space, which is free from Gravita- 
tion-field, a (ialiliean Co-ordinate System K ( •, //, z, /) and 
also,* another system K.' ( (' - t') rotating uniformly rela- 

tive to K. The origin of both the systems as well as their 
c^-axes might continue to coincide. We will show that for 
*a space-time measurement in the system K', the above 
established rules *for the physical significance of time and 
space can not be maintainec^. On grounds of symmetry 
it is clear that a circle round the origin in the XY plane 
of K, can also be lookecf ^pon as a cii*cle in tlie plane 
(X', of K\ Let us now think of measuring the circum- 
ference and the diameter of these circles, with a unit 
measuring rod (infinitely small compared with the radius) 
take the quotient of both the results of measurement. 
If this ej^ierirnent be, carried out with a* measuring rod 
at :rest relatively ,to*the GaliHean system K. we would get 
71 *, as the*quotient. The result of measurement with a rod. 
relatively at re^t as regards K' would be a number which 
is greater t}ian tt. This can be seen easily when we 
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regard the whole measurement-proeess from the system K 
aod remember that the rod placed on the periphery 
suffers a Lorenz-coutraction, not however when the rod 
is placed along the radius. Euclidean Geometry therefore 
does not hold for the system K' ; the above fixed concep- 
tions ®f co-ordinates which assume the validity of 
Euclidean (xeornetry fail with regard to the sy^i^m K\ 
We cannot similarly introduce in K' a time corresponding to 
physical requirements, which will be shown by all similarly 
prepared clocks at rest relative to the system K'. In order 
to see this we su[)pose that two similarly made clocks are 
arranged oru* at the centre and one at the periphery of 
the circle, and considered from the stationary system 
K. According to the well-known results of the special 
relativity theory it follows — (as viewed from K) — that the 
clock placed at the periphery will go slower than the 
second one which is at rest. The observer at the common 
origin of (;o-ordiuates who is able to see the clock at the 
j)criphery by means of light will see the clock at the 
peri[)hery going slower than the clock beside him. Since he 
cannot allow the velocity of light to depend explicitly upon 
the time in the way under consideration he will interpret 
his observation by saying that the clock on the peri])hery 
actiilly goes slower than thef clock at the origin. He 
cannot therefore do otherwise than define time in such 
a way that the rate of going; of a clock depends on its 
position. 

We therefore arrive at this result. In the gcneial 
relativity theory time and space magnitudes cannot be^^so 
defined that the difference in spatial co-ordinates can be 
immediately measured by the unit-measuring rocl, and time- 
like co-ordinate difference with" the aid of a normaf clock. 

The means hitherto at our disposal, for placing our 
co-ordinate system in the time-space continuum, in a 
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definite way, therefore completely fail and it appears that 
there is no other way which will enable us to fit the 
co-ordinate system lo the four-dimensional world in such 
a way, that by it we can expect to j^et a specially simple 
formulation of the law*s of Nature. So that nothin*? remains 
for us but to re<?ard all conceivable co-ordinate Systems 
as equally suitable for the description of natural phenomena. 
This amounts to the following law:< — 

That in general Laws of j\at?ire (h'e e. 2yr€,wd by means of 
equations which are valid for all co-ordinate systems, that is, 
which are covariant for all possible iransforwations. It is 
clear that a physics which satisfies this postulate will be 
unobjectionable from the standpoint of the general 

relativity postulate. Because among all substitutions 

# 

there are, in every case, contained those, which correspond 
to all relative motions of the co-ordinate system (in 
three dimensions). This condition of general covariance 
which takes away the last remnants of physical objectivity 
' from space and time, is a natural requirement, as seen 
from the following considerations. All our wel>/ -substantiated 
* space-time propositions amount to the determination 
of spa6e-time Coincidences. If, for example, the event 
consisted in the motion of material points, tlien, for this 
last case, nothing else are really observable except the 
encounters between tAVO efr^more of these material points. 
The’ results of our measurements are nothing else than 
well-proved theorems about such coincidences of material 
points, of our measuring rods Avilh other material points, 
^incidences WtAveen the \mnds of a clock, dial-marks and 
point-eveft^s occuring at the same position ‘and at the saine 
tipae. 

* The* introduction of a system of co-ordinates serves no 
other purpose Ithan an easy description of totality of such 
coincidences,, We fit to the world our space-time variables 
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(•<?! ’^9 '^’5 •<’*) siich that to any and every point-event 
corresponds a system of values of ((\ Two co- 

incident point-events correspond to the same value of the 
variables (.♦1 *3 .f^) ; i.r,, the coincidence is cha- 

racterised by the equality of the eo-ordiu:i1cs. If wx‘ now 
introduce anj four functions ( \ -'3 as co- 

ordinates, so that there is an unique eorrespoiidenee^’hetween 
them, the equality of all tlie four co-ordinates in the new 
system will still be ‘the ex2)iossion of the space-time 
coincidence of two material ])oihts. As (he purpose of 
all physical laws is to allow us to renieuiber such coinci- 
dences, there is a priori no reason present, to prefer a 
certain co-ordinate system to anotlier ; i.e,, we get the 
condition of general covariance, 

§ 4. Relation of four co-ordinates to spatial and 
time-like measurements. 

Analytical expression for the Graviiaiion*Jiel(L 

I am not trying in this communication to deduce the 
general Relativity- theory as the simplest logical system 
possible, with a minimum of axioms. But it is my chief 
aim to develop the theory in such a manner that the 
reader perceives the psychological naturalness of^ the way 
proposed, and the fundamental assumptions appear to be 
most reasonable according to the light of experience. In 
this sense, we siiall noxtr introduce the following supposition; 
that for an infinitely small four-dimensional region, the 
relativity theory is valid in the special sense when the axfe 
are suitably chosen. 

The nature of acceleration o? an infinitel/ small (posi- 
tional) co-ordinate system is hereby to be so chosen, that 
the gravitational field does not appear; this is possilble for 
an infinitely small region. X3, Xs are the spatial 
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co-ordinates ; is the corresponding time-co-ordinate 
measured by some suitable measurinir clock. These co- 
ordinates have, with a given orientation of the system, an 
immediate physical significance in the sense of the special 
relativity theory (when we take a rigid rod as our unit of 
measure). The expression 

( 1 ) = 


had then, according to the special relativity theory, a value 
which may be obtained by space-time measurement, and 
which is independent of the orientation of the local 
co-ordinate system. Let us take (h as the magnitude of the 
line-element belonging to two infinitely near ])oint8 in the 
four-dimensional region. If belonging to the element 
((/Xi r/Xg, d^^, J be positive we call it with Minkowski, 
time-like, and in the contrary case space-like. 

To the line-element considered, to both the infi- 
nitfely near j)oint -events belong also definite differentials 
d‘ 2 , d'.Cs) of the four-dimensional co-ordinates of 
any chosen sj stem of referenct*. If there be also a local 
system of the above kind given for the case under consi- 
deration, would then bo represented by definite linear 
homogeneous expressions of the form 


( 2 ) 


dX •: 

V 


* O’ ver 


If we substitute the expression in (1) we get 


( 3 ) 




:S f/ dr dr 
, OTT a 


r 


where // will be funclions of • , but will no longer 4epend 

\ipon th*e orientation and motion of the Moear co-ordinates; 
for ds^ Is a ddfinito magnitude belonging to two point- 
events infinitely near in space and time and can be got by 
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measurements with rods and clocks. The a *s are here to 

•'to* 

be so chosen, that a =0 ; the summation is to be 

•'cTT •'to* ' 

extended over all values of o- and t, so that the sum is to 
be extended over 4 x4 terms, of which 12 are equal in 
pairs. , 

From the method adopted here, the case of thcT^tisual 
relativity theory comes out when owing to the special 

behaviour of ,^/^in ^Jbule re<iion it is possible to choose the 

system of co-ordinates in such a way that assumes 

constant values — 

" - 1 , 0 , 0 , 0 

0 0 0 

• 0 ) 

0 0-1 0 

t 000+1 

We would afterwards see that Ihe choice of such a system 
of co-ordinates for a finite region is in general not possible. 

From the considerations in § 2 and § it is clear, 
that from the physical stand- point the cpiarntities / 7 ^^are to 

be looked upon as magnitudes vjdiich describe the gravita- 
tion-field with refenmce to the chosen system of axes. 
We assume firstly, that in ft certain four-dirnensional 
region considered, the special relativity theory is true for 
some particular choice of co-ordinates. The g then 

have the values given in (4). A free materia! point inov^gs 
with reference , to such a system uniformly in straight- 
line. If we now introduce, oy any substitution, the space- 
time co-ordinates .r, thenfin the new system are 

no longer constants, but functions of space ♦and time. A.t 
the same time, the motion of a free point-mass in the new' 
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(io-ordi nates, will appear as curvilinear, and not uniform, in 
which the law of motion, will be independent of the 
nature of the moviiKf manH-polnU, VVe can thus signify this 
motion as one under the influenee of a gravitation field. 
We see that the app^^arance of a gravitation -field is con- 
nected with 8})ace-time variability of 9 Tn the general 

ease, w? can not by any suitable choice of axes, make 
special relaHvity theory vali<l throughout any finite region. 
We thus deduce the conceplion that 9 <leseribe the 

gravitational field. According to tJie general relativiiv 
theory, gravitation thus plays an excejitional role as dis-^ 
tinguished from the others, specially the electromagnetic 
forces, in as imndi as the 10 functions ref>re8enting 

gravitation, define immediately the metrical propertiefs of 
the four-dimensional region. 

B 

MaTHHMATK’AL ArXTLIAKIKs FOR EsTA BLISH IN(3 THE 
General Covariant FlQrATiONs. 

► We have seen before that the general relativity -postu- 
late leads to the (Hjndition that the system of equations 
for Physics, must be (*o-varialits for any jiossible substitu- 
tion of co-ordinates,.!,, ... ; we have now to <ee 

how such general co-variant ecjuations can be obtained. 
We Shall now turn our attention to these purely mathemati- 
cal propositions. 1 1. will be shown that in the solution, the 
invariant ds, given in eipiation f.*5) plays a fundamental 
which *wc, following- Gauss’s Theorv of Surfaces, 
style as thg line-elemeiit. 

,, The fundampnial idea of ^the general co-variant theory 
is this — With reference to any co-ordinate system, let 
certain ‘ things^ (tensors) be defined by a number of func- 
tions of eo-o^’dinates which arc called the com|)0nent8 of 
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the tensor. There are now certain rules according to which 
the components can be calculated in a new system of 
co-ordinates, when these are known for the original 
system, and when the transformation connecting the two 
systems is known. The things herefrom designated as 
'Pensors ’’ have further the })roperty that the transforma- 
tion equation of their conijionents are linear and hfvJTTiogene- 
ous ; so that all the components in the new system vanish 
if they are all zero in the original systenj. Thus a law 
of Nature can be formulated by })utting all the components 
of a tensor equal to zero so that it is a general co- variant 
equation ; thus while we seek the laws of formation of 
the tensors, we also reach the means of establishing general 
co-variant laws. 

^ 5. Qontra^variani and m-rariani Four^vector, 


Contra-variant Four-vector. The line-element is defined 
by the four components whose transformation law 


is expressed by the equation 


(5) 



a 


d 


dr 

V 


The d ^' are expressed as linear and homogeneous func- 
tion of d> * ; we can look uj)on the differentials of the 

co-ordinates as the com])onents of a tensor, which we 
designate specially as a eontravariant Four-vector. Evei:y- 


thing which is defined by Four quantities A^, with refereffL*' 
to a co-ordinate system, and transforms according to 
the same law, 


f5a) 
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we may call a contra-variant Four-vector. From (5. a), 
it follows at once that the sums (A^ 4 B^) are also com- 
ponents of a four- vector, when and are so ; cor- 
responding relations hold also for all systems afterwaids 
introdu.qed as “ tensors (Rule of addition andtsubtraction 
of Tensors). 

Qo^t^ariant Four^ vector. 

We call four quantities A^ as the components of a co- 
variant four* vector, when for any choice of the contra- 
variant four vector (d) A B^ ’=l Invariant, 

V V 

From this definition follows the law cif transformation of 
the CO- variant four-vectors. If we substitute in the right 
hand side of the equation 

= A' Jf A B’’ 

<r or V V 


the expressions 


d: 


B 


<r 


for following from. the inversion of the equation (5a) 
we get 


/ 

► B"' 5 

-<r . 0 ,.’ , 


; A' 

‘cr O' 


s in the above equation B^ are independent of one another 
and perfectly arbitrary,* it follows that the transformation 
law is ’ • 



9v 


A 
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h'&marku Off Iha sfinplijicnfiov of the mode qf.wriliuff 
the e^preenom, A glance at. the equations of this 
paragraph will show that the indices which appear twice 
within the sign of summation [for exam])le r in (5)] are 
those over which the summation is to be made and that 
only over t»he indices which appear twice. It is therefore 
possible, without loss of clearness, to leave ofF tlie summation 
sign ; so that we introduce the rule : wherever the 
index in any term of an exjjression a[)[)ears twice, it is to 
be summed over all of them except when it is not cx})re8s- 
edly said to the contrary. 

. Tht* difference lietween the co- variant and the contra- 
variant four- vector lies in the transformation laws [ (7) 
and (5)] . Both tiu* quantities are tensors according to the 
above general remarks ; in it lies its significance. In 
accordance with Ricci and Levi-civita, the contravariants 
and co- variants are designated b\ the over and under 
indices . 


§ 6. Tensors of the second and higbei ranks. 

Oontravariant tensor ; — If we now calculate all the 1 fi 

t 

products of the components A^^ R’ , of two eon- 
travariant four- vectors 

ft 

(8) = a'^B” 


will according to (8) and (5 a) satisfy the following 
transformation law. 


( 9 ) 


A*" = 


6x'_ 0..' 








We call a thing which, with reference to any reference 
system is defined by 16 quantities and fulfills the transfor- 
mation relation (9), a contravariant tensor of the second 
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rank. Not every such tensor can be built from two four- 
vectors, (according to 8). But it is easy to show that any 

16 quantities can be represented as the sum of 

of properly chosen four pairs of four-vectors. From it, 
we can prove in the simplest way all laws which hold true 
for the^nsor of the second rank defined through (9), by 
proving it only for the special tensor of the type (8). 

Coniravariant Temor of ani/ rank : — If is clear that 
corresponding to (8) and (9j, we can define contravariant 
tensors of the 3rd and higher ranks, with I etc. com- 
ponents. Thus it is clear from (8) and (9) that in this 
sense, we can look upon contravariant four- vectors, as 
eontravariant tensors of the first rank. 


Co^^variant lemur. 

If on the other hand, we take the IH products A ^ of 
the components of two co-variant four-vectors A and 


B 


( 10 ), 


A =A B 

III' >' 


for them holds the transform^ition law 


( 11 ) 


0.f 


A / 

<rT Q ,!• , 

rr 


A 

0 .« , 

T 


.By means of these transformation laws, the co-Variant 
tensor of the sscond rank is defined. All re-marks which 
have already made eonce’rning the contravariant tensors, 
hold also for co-varijBint tensors. 

Mmark : — 

It is' conveiiient to treat the scalar Invariant either 
as a contravariant or a co-variant tensor of zero rank. 

14 
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Mixed tensor. We can also define a tensor of the 
second rank of the type 


(12) a” =AB’' 

which ig CO- variant with reference to and contra variant 
with reference to v. Its transformation law is 


(13) 



<T 


0 r 0 ^ 

^ ^ A 

dxp 9V “ 


Naturally there are mixed tensors with any number of 
co-variant indices, and with any number of contra- variant 
indices. The co-variant and contra- variant tensors can be 
looked upon as special cases of mixed tensors. 

Symmetrical tensors : — 

A contravariant or a co-variant tensor of the second 
or higher rank is called symmetrical when any two (*om- 
ponentB obtained by the raiitnal interchange of two indices 

are equal. The tensor or A is symmetrical, when 

we have for any combination of indices * 


(U) 

(14a) 




or • 




A 

fiv 



It must be proved that a symmetry so defined is a prop^'^y 
independent of the system of reference. It foljows in fact 
from (9) remembering (14) 
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AntUymmetrical temor. 

A contravariant or co-variant tensor of the 2nd, 8rd or 
^th rank is called anlisymmetrical when the two com- 
ponents got by mutually interchanging any two indicjs 

are equa^and opposite. The tensor or is * thus 

antisymmetrical when we have 

(15) A^’' = -A*'^ 


or 


5a) 


A 


/AV 


A . 

VfX 


Of the 16 (tomj)onents , the four components A^^ 
vanish, the rest are ecpial and opposite in pairs ; so that 
there are only 6 numerically different components present 
(Six-vector). 

Thus we also see that the antisymmetrical tensor 

(8rd rank) has only 4 components numerically 

different, and the antiftyrnmetrical tensor A^^^ only one. 
Symmetrical tensors of cranks higher than the fourth, do 
not exist in a continuum of 4 dimensions. 

7. Multiplication of Tensors. 

• 

Outer hinltiplicaiim of Tensors : — We get from the 
components of f a tensor o^ rank r, and another of a rank 
zy the components of a tensor of rank (r-f «') for which 
we multiply all the components of the first with all the 
components . of the second in pairs. For example^ we 
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obtain the tensor T from the tensors A and B of different 
kinds : — 


T = A B 

fxvcr fiv cr 




T 


yS 

al3 





The proof of the tensor character of T, follows imme- 
diately from th« expressions (8), (10) or (12), or the 
transformation equations (9), (11), (1‘^) ; e(|nations (8), 
(10) and (12) are themselves examples of the outer 
muliijdieation of tensors of the first rank. 

Rednctiou in rank of a miA^ed Tensor. 


From every mixed tensor we can ^et a tensor which is 
two ranks lower, when we put an index of eo-variant 
character equal to an index of the eontravariant character 
and sum according to these indices (Reduction). We g^et 
for example, out of the mixed tensor of the fourtli rank 



the mixed tensor of the second rank 



and from it ag^ain by reduction the tensoy of the zero 
rank 


A . = A* 

$ afi 


The proof that the result of reduction retains a truly 
tensorial chai’acter, follows either from the r^prese^itation 
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of tensor aceordinjy to the generalisation of (!'!) in combi- 
nation with (6) or oat of the generalisation of (1*5). 

Inner and mixed mnUi plication of Temon. 

This consists in the combination of outer multiplication 
with rj^4uction. Examples: — From the co-variant tensor of 
the second rank A and the eoritravariant tensor of 

flV 

the first rank we get bv outer multij'lieation the 
mixed tensor 


D 

fji> 



B 


<r 


Through reductipn according to indices v and ir (/>., put- 
ting »/ = a’), the 00 - variant four vector 


i ' |/ 

1) = 1) =: A B is generated. 

M fXl' 

• These we denote as the inner ])roduct of the tensor A 

and . Similarly we get from the tentors A and 
through oitter multiplication and two*fol(l reduction the 
inner product A ^ B^* . Through outer multiplication 

fAV « 


a Td one-fold* reduction wc get out of A and B^^^ , the 

« ^ flV ’ 

mixed tensor ^rthe seeonjl rank, D = A We 


can fitly call ^this operation a mixed one ; for it is outer 
with reference to the indices m and and inner with 
respect, to tKe indices v and <r. 
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We now prove a Jaw, which will be often applicable for 
proving the tensor-character of certain quantities. According 

to the above representation, A a scalar, when A 

^ ' fty fxy 

» 

CTT LLV 

and B are tinsors. We also remark that when A is 

fxr 

an invariant for every choice of the tensor then A 

fXV 

has a tensorial character. 

Proof : —According to the above assumption, for any 
substitution we have 




= A 8'“*' 

fiv 


From the inversion of (0) we have however 





Substitution of this for \n the above equation gives 


A 


(TT 





8*^=0. 


This can be true, for any choice of only whlSa.^ 
the term within the bracket vanishes. From , which by 
referring to (11), the tluorem at once Mlows. ,This law 
correspondingly holds for tensors of any rank and character.. 

* The proof is quite similar, The law can also# be put in the 

following from. If and (f are any two. vectors, and 
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if for every choice of them the inner product 

is a scalar, then A is a co-variant tensor. The last 

fJLV 

law holds even when there is the more special formulation, 
that with any arbitrary choice of the four-vee^or alone 
the scalai product A^^ B*" is a scalar, in which case 

we have the additional condition that A satisfies the 

/XV 

symmetry condition. Accordin<x to the method ^iven 
above, we prove the tensor character of (A^^ + A^^), from 

which on account of symmetry follows the tensor-character 
of This law can easily bo generalized in the case of 

CO- variant and contravariant tensors of any rank. 

k^inally, from what has been proved, we can deduce the 
following lavr which can be easily generalized for any kind 

of tensor : If the quanties A B*^ form a tensor of the 

‘ /XV 

first rank, when B" is any arbitrarily chosen four-vector, 
then A is a tensor of the second rank. If for t xample, 

/XV » 

c/^ 

is any four-vectoj;, then owing to the tensor character 

of > Ihe inner product A^^ B* is a scalar, 

both the four-veetore and B’^ being arbitrarily chosen, 
fience the proposition follows at once. 

A few words about the Fundamental Tensor y . 

*• • •'/xv 

, The C9-varyift fundamental tensor — In the invariant 
•expression of the square of the linear element 


ds^ die dx 

^ fJLV fl V 
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^ plays tlie role of any arbitarily chosen contra variant 
vector, since further n it follows from the consi- 

dej’ations of the last paragra 2 )h that g is a symmetrical 

g.v 


co-variant tensor of the second rank. We call it the 
“ fundamental tensor.^^ Afterwards we shall jjeduce 
some properties of tliis tensor, which will also be true for 
any tensor of the second rank. But the special role of the 
fundamental tensor in our Theory, which has its physical 
basis on the particularly exee[>tional character of gravita- 
tion makes it clear that those relations are to be developed 
which will be required only in the case of the fundamental 
tensor. 


The Co-varianl fufidamental tensor. 

If we form from the determinant scheme | g | the 

minors of y^^^and divide them by the determinat | g^^ j 

we get certain <pian titles , which as we shall 

prove generates a coutrav^ariant tensor. 

Aecordiiiir to the well-known law of Determinants 


(i«) 

where ^ is 1, or 0, according as or not. Instead 

g 

of the above exjiression for we can also write 
// 3 d.r 

* /icr ^ fx 


or afcecording to (16) also in the form 
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US 


Now according to the rules of multiplication, of the 
fore-going paragraph, the magnitudes 

• O- fJi 

foims a co-variant four-vector, and in fact (on |Lceount 
of the 'Arbitrary choice of d^:^ ) any arbitrary* four- vector. 

If we introduce it in our expression, we get 

For any choice of the vectors d^^ d^^ this is scalar, and 


according to its defintion is a symmetrical thing’in or 
and T, so it follows from the above results, thaty^ is a 

V 

cohtravariant tensor. Out of (16) it also follows that S 


is a tensor which we may call the mixed fundamental 
tensor. 

Determinant of the fundamental tensor. 

According to the law of multiplication of determinants, 
we have • . 



^ On the other hand we have 




L * 


* 

• 


— 

l» fx 


So that it follows (17) that 
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Invan ant of rohtme. 

We see k first the transformation law for the determinant 
I I ■ to (1 I) 


0a; 0 

r u V 


9 


flV 


From this by applying the law of mutiplication twice, 
we obtain. 



> I ] i 


or 



^^9 


... (A) 


On the other hand the law of Iransfotmalion of the 
volume element 

dlT'=/Jxj dr^ dx^ 


is according to the w^ellknown law of Jaeo^>i. 


<ifT' = 



dt’ 


(B) 


by multiplication of the t\<^o last equation (A) and (B) w’e 
get. 

(18) df^zxfgdT- 

e Tnsted of \/^» we sjiall ^afterwarcf^ ^introduce \/~g 
which has a real value on account ol* the hypeibolic character 
of the timq-space continuum. The invariant is 

equal in magnitude to the four*dimensional volume-element 
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measured with solid rods and clocks^ in accordance with 
the special relativity theory. 

liemarks on ihe cltnracfer of ike !tpace<>fime conlivtiunt'^ 
Our assumption that in an infinitely small rejiiion the 
special relativity theory holds^ leads us to oonelude that 
can always, according to (1) be (xpre^sed in feal magni* 
tildes //X,..7/X . If we call the “ ’Wolume 

element r^X| rfXg we have thus (18a) rfr, 

= y/g It. 

Should vanish at any point of the four-dimehsional 

continuum it would signify that to a finite co*oidinate 
volume at the place corresponds an infinitely small 
“ natural volume.” This can never be the case; so that g 
can never changt^ its siirn; we would, according to the special 
relativity tluory assume that g has a finite negative 
value. It is a hypotliesis about the physical nature of the 
contimmui considoiel, and also a pre-establislied rule for 
tiie choice of‘ co-ordinates. 

If however (— y) remains positive and finite, it is 
^ clear that the choice of co-ordinatis can be so made that 
this quantity becomes equal to one. We would afterwards 
see that such a limitation ,of the choice of co-ordinates 
would produce a significant simplification in expressions 
for Ijjvvs of nature. 

Ill place of (18) it fv^llows then simply that 




w ^ 

from this follo^, remembering the law of Jacobi, . 




= 1 , 


(19)- 
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With this choice of co-ordinates, only substitutions with 
determinant 1, are allowable. 

It would however be erroneous to think that this step 
signifies a partial renunciation of the general relativity 
postulate. We do not seek those laws of nature which are 
CO- variants 'with regard to the tranformations -►having 
the determinant 1, but we ask : what are the general 
co-variant laws of nature ? First we get the law, and then 
we simplify its expression by a special choice of the system 
of reference. 

Building np of new lemon with ike help of the fundamental 

tensor. 

♦Through inner, outer and mixed multiplications of a 
tensor with the fundamental tensor, tensors of other 
kinds and of other ranks can be formed. 

Example : — 


A=^ 


We would point out specially the following combinations: 




a/j 


(complement to the, co-variant or eontravariiuVit tensors) 


V., 




and, B = ^ g ^ A f) 

’ fiv ap 


We can call B the reduced tensor relate4 to A . 

fXV fXV 
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Similarly 


It is to be remarked that is no other than the com 
plernent ” of g , for we have, — 

fXV 


§ 9. Equation of the geodetic line 
(or of point-motion). 

Af the ^Mine elejneiit ’’ ds is a definite magnitude in- 
dependent of the co-ordinate system, we have also betjween 
two points P, aud P.^ of a four dimensional continuum a 
line for which /<4v is an extremum (geodetic line), i.e,, one 
which has got a significance independent of the choice of 
co-ordinates. 


Its equation is 



Prom this equation, Ve can in a wellknown way 
deduce 4 total differential e({uations which define the 
geodetic line ; this deduction is given here for the sake 
ot^7 completeness. 

« 

Let A, ^ be a function of the co-ordinates ; This 

t 

defines a • seriei«iM)f surfaces which cut the geodetic Jine 
* * 

^oughtrfor as well as all neighbouring lines from P^ to P^. 
We can suppose that all such curves are given when the * 
value of its co-ordinates are given in terras of A. The 
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sign S corresponds to a passage from a point of the 
geodetic curve sough fc-for to a point of the contiguous 
curve, both lying on the same surface X. 

Then (’20) can be replaced by 

A, 

I Siv dX'^O 

f20a) ^ X, 

d ** dx 

fjL y 

~t/A 

But 



So we get by the substitution of Sw in (20a), remem- 
bering that 
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Prom which it follows, since the choice of ^ is per- 
fectly arbitrary that h should vanish ; Then 

(20c) =0 ((r=l, 2, 3, 4) 

are Ihe e|ua1ions of geodetic line ; since along the 
geodetic line considered we have rf.s’=^0, we can clioose the 
parameter A, as the length of the are measured along the 
geodetic line. Then w=:l, and we would get in place of 
(2Uc) 

?jv . ^ 

d** 9* 9* 

1 00 d<r 0 » 

— * ^ -*0 

2 9 0 « 0 ^ 


Or by merely changing the notation suitably, 


(20d) 


< 

^a<T 




where we have put, followiti" ChrisfofFel, 


( 21 ) 


_i r ^ V i 

Lo- J 2 L 0 9 . ^ 0 <r J ■ 


Multiply finally (20d) witfi (outer multiplication with 
reb'ivnoe to t, ai.d, inner with resptct to o*) we get at 
last the filial form of the equation of the geodetic line — 



Here we have put, following Christofifel, 

, ' {:] = W • 
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§ 10. Formation of Tensors through Differentiation. 


Relying on the equation of the geodetic line, we can 
now easily deduce laws according to which new tensors can 
be formed from given tensors by difPerentiation. For this 
purpose^ we would first establish the general co-variant 
differential equations. We achieve this through a repeated 
application of the following simple law. If a certain 
curve be given in our continuum whose points are character- 
ised by the arc-distances .v, measured from a fixed point on 
the curve, and if further be an invariant space function, 


then 


is also an invariant. The proof follows from 


the fact that as well as ds, are both invariants 
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Here hoAvever we eaii not at once rlednce the cxistenee 
of any tensor. IT we however take that Hie curves a loop: 
which we are ^lifierentiatlnpr are p^eodcKies. w’e pfet from it 

by replacing accoi*ding to (22) 

ds^ 

L ■( , ' br J 

From the ini erehaiigeahility of the iliiferontiation Vkith 
regard to // and r, and also a.c(‘o? ding to ( 2 »») and ( 21 ) we see 

^ Mr 

that the bracket ^ 

( ^ 

and V. 


is symmetrical vviili respect to /x 


d.v 


V 

d$ 


As wt? can diaw a geodetic line in any direction from any 
d*c 

point in the <*ontinunm. - ^ is thus a foin-vectoi*, with an 


arbitrary ratio of (‘omponentp, so that it follows from the 
Vesults of §7 thet 


( 25 ) 



P‘‘^ —W'd 

(r) 

f 


d<i> 


is a co-variant tensoi* of the second rank. We liave thus got 
the result that out of the eo-variant tensor of the first rank 


= we can get by differentiation a co-variant tensor 

H I ’ « 


Qi 2nd rank 

( 26 ; 
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We (jjill tlie tenHor A the “ ext-ension of the tensor 

fXV 

A . Tlieii wo oMii easily show that this eonihination also 
leads to a. tensoi', when the vector is not leprese^C^laWe 
as a gi’adieiit. In (jrdei* to see this we first i*emark that 
if/ iii ix co-variant fonr-vector when ?// and tf} are 


scalars. 'iMiis is also the case for a sum of four such 
terms : — 

S + ...+^j,W 9^. ’ 

fJL ^ 0;p 9 '• 

> ' M 


when are scalars. Now it is lu>wever 

clea'r that every (*o-yariant four-vet*tor is rejn esentable in 
the form of S 


If for exairipUs A^ is a. four-veeto7* whose components 
are anr pven functions of x , we have, (with reference to 
the chostm co-ordinat-e system) only to put 

ipi^) = A., 

!/.(*)=: A, <#,(4)==,,; 

in order to airive at the result that S is equal to A 

V C * 

^ In order to prove then that A in a ths^^or when on the 

f J) 

right side of (26) we substitute any co- variant four-vector 

< ' 

for A we have only to sbow’ that this is true for the 
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four-vectoi* . For this latter case, however, a f^Iaiice on 

the right band side of (2(>) will .sliow that we have only to 
bring forth the proof foi* the case when 


A 


8<^ 
a ' 


Now the right hand side of (25) multiplied hy *// is 


d/ 0.r 

^1, u 


which has a tensor chaiacter. Similarly, is 

O' O •r 
P r 

t 

also a tensor (outer product of two four- vectors). 


Through addition follows the tensor character of 



Thus we get* the desired piwf for tlu^ four-vector, 
j// and hence for any fdur- veci ors A as shown above. 

a«. ’ P' 


With the help of the exieiision of the four-vector, we 
can easily define “extension’’ of a co-variant tensor of any 
rank. This is a generalisation of the extension of the four- 
vector. We confine ourselues to the case of the extension 
of the teil^iors of the 2nd rank for which 'the law of for- 
mation can the el^^^ly seen. • ^ 

As already remarked every co-variant tensor ©f the 2nd 
rank can be represented as a sum of the tensors of the type 
A B , . 



lU 


PJtlNClPLf: OF RELATXVITY 


It would thei^efoi tj be sufEcieiit to deduce the expression 
of extension, for one siicli special tensor. According to 
{2d) w e have the expressions 


9'V Lr) ^ 


9'V 



p. 

T 


are tensors. 'Jlirougli onf«‘r innltipliration of the first 
with B and the 2nd witJi A we sfet tensors of the 

r fi ^ 

IhirA rank Tlnn'r addition gives the tensor of the third 
rank 


A 




® 'V''_ S I 

S '"; i r ) 



A 


fit 


(27) 


wdiere A, is =x\ B . The riglit hand side of (27) 
is linear and hornogeneons wdlh reference to A . and its 

first d iff eve ntial eo-eiheieni so that tin? law of formation leads 
to a tensor not only in the ca»eW a tensor of tJie type A^ 

Init also in the case of a siuniiiation for all such 

tensors, t.e., in the case of aiiv co-variant tensor of the 

second rank. We call A the e'x tension of the tensor A . 

* /utrer ^ , fiv 

f 

It is clear that (26) and (24) are onlj^speci^l cases of 
(27) (extension of the tensors of the first and zero raiik)‘. 
In general we can get all special laws of formation of 
tensors from (27) combined with tensor multiplication. 
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Some special cases of Particular Importance. 

A few auji'illari/ lemniaa coiieern'nHj the fumUi menial 
Igusor, We shall first dedure some of f lio lemmas mueli used 
afterwards. Ac'oordia^ to the law of differentiatif>n of 
deternii Hants, we have* 

(2S) = ,j , I, j — £/'V“'- 

The last for]ii follows f'ro}ii tlie when we remoiiiber 
that 

q 4/ ’ . and tliorcfore 7 -= 4 . 

oonseqnently 

From (28), it follows lhat 
/.»0i 6 , Joe t>v ^ 

^/-<7 a./' d'V '■ e.'' 

* cr 




pv 




Again, sinee <j , wo have, hy differentiation, 


>.i 

r 


, V(T I’iT j 


(:W) «! 




0... 1-^- =- ” 


>>■<’ .6 


A. 


■'A 


By mixed n*nltiplicatit>n witli and respectiTely 
we obtain ( clxinginf? the mode of writing ttie indiceti). 
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H& 


<;uj 


I 

1 /Aa vfi j 


I 9•^^- 


a/S 


and 


0i2) 


f 7 ^ 


^•V __ 

Qj ^’fiaPvp Q .,. 


‘ Th(^ expreHsioii (»U) allows n fraiisforniation which we 
shall often use ; aceordinj^ to (21 ) • 




9r/, 

e: 




If wo substitute tliis in the wecojud of the formula (31), 
we get, remembering (23), t 



Bv substituting the right-hand ‘side of (34) in (29), we 

** Vl.. 
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hi rerifeneh of (he QoniravarUtni fotfr^vecinr. 

Let us iuulti[)ly (2<)) with th(M*(ui<i*avai*iiiiit Luuhimeutal 

tensoi\^^^(niiier mnitiplioaiioii). hy a iraiisfoiTiiaiioii 

of the first member, the ri^ht.-haiid aide takes the foru) 


h ) 


8/'_ 1 


1 9'/ 

i Ta / mt 

(a:-' 


9 if 9 r/ 

va ’’ ii,v \ 


■f )>rA^ ... (A 


According’ to (31) and (20), tin? last membe}' cun lake 
the form 

I |iL A + ] 9;-“^ 9^" A (B) 

Both the first members of the exprevssion (B), and the 
second member of the expression (A) cance] each iitlicr, 
since the naming of the summation -indices is im material. 
The lai4t membth- of (B) can then >>e united with first of 
(A). If we put ^ 

A = a"' , 


where A^ as well* as A ai‘e vectors whicli can be arbi- 
, P 

tra^ily chosen , we obtain linally 




P ^ A'' ) . 


This • scalar^ is the Divergend’ of the coiitravariant four- ' 

rector A*" , • 
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Hofiifinn !)/' (he {rora i iaiit) Jotn'^vechr. 


Tlie serojnl nifnibei* id \2ty) is syDunotrical in the indices 
/i, and V. H(‘iice is an iintisynimetrical tpunov 

built up ill ‘A very siniple iiuiimer We obtain 


(36) 



aA., 

6 


Anf t^iiihnnelrical K.rieiifiioa e/‘ Shv^rertor. 

If we a]ipl\ tlie ojicrjitiDii (37) on an antisyiniueii'ical 
tensor of tlu^ sf‘(‘()D(l rnnk fonii all the (*qnations 

arisin^^ IVorn tlie eyclie iiiterehan^’e of tlio indices /x, r. cr, and 
add all them, ue obt^iin a tensor of the iliivd rank 


(37) 


a A 

B -A +A +A = ^ 

firiT fjnr r(r/< ir/xr Q,,> 


dA aA 

4. 


trorn whieli il is ensy to see lliat the lensor is anti symmetri- 
cal. ‘ ' 

hlvergiuicc of ffn‘ S?,r^-'V('Ct<j)\ 

If (27) is multiplied hy (mixed multiplicatft>n). 

then a tensor is obtained. The %st memlier* of the right 
hdnd side of (27) can be wj iltmi in the foha 


1. ( A A -v’'^ ^ A . 

0» V /IV ; 0;^ t>.v a^. 
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If Wf‘ 7 *opla(‘r 7 *^^ A hv \ . 7 ^"'* 7 *'^ 


fn'(T 


A l»V 

/X)' 


A ^ and iT])lnco in the i ransfoianed first nietnl)e)' 


07 ’ 




...1 

a-- 


with file help of (dl), then from tlie rio’hl-hand side' of (27) 
t]u‘r(‘ arises an ex])ress!on with seven terms, of wliicdi four 
(ainee). ddiere rtnna.ins 

(■:i8) *■7 *'7 v'"'' 

®''.r ( r s' 

'Phi s is I lie t*\)n’t>ssioii lot t In^ ext <*n.sion of a eontravariant 
tfMisor of the sec'ond raaik : ('xlensions ran also h<* formed fo?* 
(‘oriuspondinu’ eont 1 ‘avariant tensors of liiudier and lower 
ranks. 

, We remark thai in tin* same way, we eati also form the 
extension of a mixed tensot' A 


a.v' 


•.y y a " y ." 

/"'■ a i S ^ M 


V.VJ) a“ = . i A- +] : A 


Hv the rednetion of (2>S ) with reference to the indices 

• ... ,<7 -v 

/? and ijiner multiplication witli J , we get a con- 

trayariant faur-voflor ^ ^ 

« • 

a “*,= 9^*^^+ A“'‘+ y a "^^. 


9 'a 


i^S ( - S 


17 
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Oil the ‘.tot*(nni1 


of tlH‘ 


symmetry 


of 


0 

( " ) 


with 


leference to tlie incliees / 3 , iind k, the third member of the 

right hand side vanishes when is an antiaymmetrical 

tensor, which assume here ; the second member can be 
transformed according to (29a) ; we therefore get 


(40) 




This is the expression of the divergence of a (‘ontra- 
variant six-vector. 

/)irr/\f/f'iirc of the w.ixvi} tevHor of iho m^oiid rmik. 

Let us form tlie reduction of (.19) with referenc*e to tlie 
indices a and <t, we ol)tain ]*ememboring (29a ) 


( 1-1 ) — </ Ayut = 


y M ■' ''I 

) 


^ . 1 ' '^’^“''7 A 

TV 


ff WO introduce into the last term t he, conti*avnriant 

1 

tensor A , it takes the foimi 




/-;/ A^'^ 


^ If further is syminetnical it is reS'tieed to , 

I / ® ^pcr . per 

-2 ' 8 .- ^ ■ . 
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if iiiHtead of we introduce in a bimilai* wa}' the 

{symmetrical co-variaiit tensor 
owing to (31) the last member can take the form 


s'-„ 


Q.v per. 


Ju the Kyminotj'icjil case treated, (41) can be replaced by 


either of the fo^ins 


(Ida) A^ ^ 


( V' ) 


1 ® ^p(r / * /xr 

2 or 

P 


(41b) •A 


-f 1 A 

2 a,r « 


vvhiftb w0 shall have t(') inakle use of afterwards. 

. §12. The Riemann-Christoffel Tensor. 

^We now seek only, those tensors, which can be 
obtained from the fundamental tensor differentiation 

alone. .'It* ie found easily. ' We \>nt in (27) instead* of 
any tensor A^*'’ the fundamental tensor and get from * 
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it a new tensor, namely the extension of the fundaniQiital 
tensor. We eiin easily eonvinee ourselves that this 
vanishes identically. We prove it in the following' way; we 
substitute in (27) 


a A 

A [A 


0. 


t,(\, the extension of a four- vector. 

Thus we ^et (by slightly ehan^iiii^ tlie indices) the 
tensor of the third rank 


r (n 3 9'r h h S 9'', 

• ^ " - - 

I ^''t tp 3 (“ VIp ^ (" ) (p !) i 

We Use these expressions for the formation of the tensor 

— A . Tlioreb\ the followiiit'’ terms in A 
fUTT fira " ‘ fiar 

cancel Ibc corresponding terms in A ; the lirst member, 

the fourth member, as well as the member eorrespondiug 

to the last term witbiii tlie square bracket. These are all 

s\ uinietrical in fr, and r. The same is true for jlie sum of 

the second and third members. At e thus get 

A ~ A =: A . 

fi(TT fAva fi(rT f) 


OS'>j 


R/' _ _ 0 Sp'^ f + 9 . 3/'’’^ 

^.<T7 ' 9-'v ) .9'V y 

_{n<T I { ar/ \ /it} 

I *1 1 > h 5 ip 5 
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The essential thing in this rtisult is that on the 
right hand side of (1:2) we have only , but not its 


diiterential co-crticients. From the tensor-character of A 

fJATT 

— A , and from the fact that A is an arbitrary four 

fiTa f) 

vector, it follows, on account of the result ^of y^7, that 
B ^ is a tensor (Itiemann-Christolfel Tensor). 

jui(rT 

The rnatheniatical signiiieance of this tensor is as 
follows; when the continuum is .so shaped, that there is a 
co-ordinate system for which q \ are constants, all 

l»v fKrr 

vanish. 


If we cl loose instead of the original co-ordinate system 
any new one, so would the // rcfen*ed to this last system 


b(! no longer constants. The tensor characUu’ of 

^ fMJ T 

shows us, however, that these comjionents vanish eollectively 
also in any other chosen system of reference. The 
vanishing of the Bieniann Tensor is thus a necessary con- 


dition that for sonit* (dioice of the a\is-s\stem q ’s can be 

* /O' 

* taken as constants. In our [uoblem it corresponds to the 
case wfieu by a* suitable choice of the eo-ordinatc syslem, 
the special relativity theory holds throughout any finite 
region. B\ tin? rediuHion of (Id) with reference to indices 
to T^aiid p, we get the ciA^aaiant tensor of the second rank 


iWm’-'*” in) I') 

I y _ 9 — (/ X 

• I 9/“' 9.'- ■ “/ ^ ‘9.<’ " 
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Rem arks viiou Hu choiee of co-ordina(es . — Tt has already 
been remarked in §8, with reference to the equation (18a), 
that the co-ordinates can with ad\anta"e be so chosen that 
V —1^* A glance at the equations got in the last two 
paragraphs shows that, through such a choice, the law of 
formatjon of the tpiisors suffers a signilicant simplifica- 
tion. It is specially true for the tensor which plays 

a fundamental role in the theory. By this simplilica- 
lion, S , vanishes of itself so that tensor B reduces to 

l).v 

R . 

I shall give in the follo\»ing j)ages all relations in the 
siinplihod Form, with the above-named specialisation of 
thCrCo-ordinates. It is then very easy to go back to tlic 
general covariant e([uati()ns, if it appears desirable in 
any special case, 

C. THE THEORY OP THE GRAVITATION-FIELD 

§13. Equation of motion of a material point in a 
gravitation-field. Expression for the field-components 
of gravitation. 

A freely moving body n(;i actrd on ]>y external forces 
moves, according to the special^ relativity theory, along a 
straight line and uniformly. This also bolds for the 
generalised relativity theory for any part of the four-dimen- 
sional region, in which the co-ordinates K„ can be, aiul 
are, .so chosen that have • s}>ecial constant values of 

the ex))ression (4). 

ijet us discuss this motion from the stand-point of amy 
arbitrary co-ordinate-system K^; it moves w.itli reference to 
Kj (as explained in §*2) in a gravitational field. The laws 
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lU 

' of motion wit li relVrene(‘ to K, follow easily IVom t-lu* 
following oonsicleration. With referenee to K,,, the law 
of motion is a fonr-clinionsional straight, line and thus a 
geodesic. As a geodelic-line is defined independent! v 
of tlie system of co-ordinates, it would also be the law of 
motion for the motion of the material-point reference 

to ; If we put 


( 45 ) 


U \ 


we get the inoti(jn of tlie ])oint. with referenee to K,, 
given l)v 


( Id) 


,/r 

J H »’ 

‘ d.s f/s 


Wo now make the very simple assumption that this 
g('neral <'ovariant syst(‘m of (‘ijiiations delines also the 
motion of the point in the gravitational Held, when there 
exists no referenee-systeiru K„, with reference to which 
the speciaj relativity theory holds throughout a finite 
region. I'he assum})tion* seems to us to be all the more 
legitimate, as (40^ contains only the first differentials of 
, among which there is no relation in the s])eeial ease 

' fXV ^ 

w*iien K,, exists. , 


If r ^ ’s v^anish, the point moves uniformly an^ 

fXV 


HI a 


straight line*; these magnitudes therefore determine the 
deviation from uniformity. They are the components of 
the gj».vitalional field. 
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sJ14. The Field-equation of Gravitation in the 
absence of matter. 

In tlie followinix, difTi'reuiialp i^ravitation-flelcl from 
matter in the s(‘nse t.hat everythin^’ besides the lyravita- 
tion-tlelvl will ])e sic^nified as matter ; therefore the term 
inelnde^ not only matter in the nsmil sensc'^ bat also the 
eIt‘etro-dynnmie tield. Our next ])robleni is to seek tite 
tield-eijuations of ‘gravitation in the absenee of matter. For 
this we a]tply tin* same method as employed in the fore- 
t»oinL;’ para<j;raph for th(‘ deduetion of th(‘ equations of 
motion for material |)oints. A speeial ease in which th<‘ 
ti(*ld-e(juat ions soito‘ht-for are e\idently ^atistied is that of 
the special relativit> theorv in which // V havt‘ certain 

. * ' fi V 

constant values, ^rhis would be the ease in a certain 
linite leij^ion witli referem-e to a definite co-ordinate 
svst(‘rn K,,. ^^’itll reference to this system, all tln‘ eom- 

])onents of the RieraannV Tetisor [equation l*‘>] 

vanish. 'Tliese vanish tlien also in the region considered, 
witli reference to every other co-ordinate system. 

* f 

The e( [nations of the ^ravitation-lield free from matter 

must thus he in ever^ ease satisfied when all vanish. 

Blit this condition is clearly 0116 which ^oes too far. ,For 
it is eh*ar that the <>ravitat ion-field ojenerated by a material 
point in its own neic^hbourliood can never b(‘ transformed 
(vratj by any eboiee of axes, />., it cannot be transformed 

to a case of constant <7 ’s. 

r 1 ^ ' 

Therefore it is clear that, for a j^ravitational field free*, 

from matter, it is desirable that, the symmetrical ten- 
sors B deduced from tlie tensors Bf^„_ should vanish. 
fxv 
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Wo thus "oi 10 O(jnatioiis For 10 «)uanii1ios // ^ which :nv 

i'ullilJod ill th(‘ spooial oast* when IV* V all vanish. 

, /.n-r 

Rernt‘mborin^’ ( I t) wt* st‘o that in ahsonot* of matt or 
tlie IioM-u<|ua.tions ooiiio out as Follows ; (u^ieii reF<*i’ro<l 
1u lh(* s]^(*cial (•()-of(lina,1o-systoin ohoson.) 


( 17 ) 


dr 

a.r 


f,v 


-f r 




• A’ 


\' 


fW 


\ ,„■) 


It oaii also ho show n that the ohoico of these (Mpia- 

tions IS ooniK'Oted with a uiiniimnn oF arhitrariiH'ss. F'or 

h<‘si(l('s 1^ , there is no tcaisoi of tlu* see.ond rank, whieli 

//o 

ean lie built out oF*^ 's and their derivatives no hi<dH'r 
/to 

than tl^ie seeoiK^ and whieh is also linear in them. 

11 will 1)(‘ showm that t]ie eipiations arisino* in a )>iin*ly 
matheinat if;al way out oF the conditions oF tlu* i>’enoraI 
relativilN', together with eifnat ions (lO), ^ive us the New- 
tonian law oF attra,(tiop as a first a]>pro\imation, and lead 
in th(‘ second a])pro\ima.tion to the ex])lanation oF th<‘ 
])erihelion-1notion of mth’eury discovered^ by lioverrior 
(the residual efteet winch could not be accounted {or by 
Mie consideration of all sorts of disturbiiiii: factors). My 
view is' that these are eonvinein^* proofs of the physical 

correctness of mv theoi ^ . 

• 18 ' ‘ ‘ 
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^15. Hamiltonian Function for the Gravitation-field. 
Laws of Impulse and Energy. 

In onl(ir to show that the lioJd e(|uatiniis eoiTes])ond to 
the law.^i ol' impulse luitl encu-^y, it is most eonvenienl to 
write it in the Folio winuc Hamiltonian form ; — 

I 8^ \\ih~{ 

(47a) 5 a ft 

■' J 


V -~U- 


Here the variations vanish at the limits oF tlie finite 
ion r-di m e n sion al i ii t ognit i on -s | )ae(' eon si d ered . 

It is first nocessarv to show that the Form (47a) is 
e(piivalent to ecpiations (47). For this ])urpose, let us 


consider H as a Funct ion of and 


W(» have at tirst 


a ir\ 

ir 


sH=r'‘ o/’-'+v'Y" 

jjft ra fj.ft \'a 

= -r" r‘^ 

fjift ra ^ I'a ^ 


« But 




\a.r. ) 



i ; 1-; X K i{ A 1. 1 .s K 1 ) 'n i kd k y ov u k i , a ri s ha 


l:;.} 

• 

The terms arising out ot the two last lerujs within IIk' 
round bracket are ot different sij^ns, and eljaui^e into one 
another by the interchani^e of the indices /a and /i. Tliey 
cancel each other in t he expression for when they are 

niiilti])lied by T which is symmetrical with resj>ect to 

% 

/j and j3y so that only the first member of the biMcket 
remains J’or our consideJ*ation. Remembering (‘^1)? 've 
thus have : — 


oil = -r" 

fjift ni 


o/*' + r" 

« 


Tlierefore 


( ty) 


r dll 

I 


\ 011 

1 6»:;" 



r 


a 

» 



11’ vv(' now eai'n^ out l/lu: variations in (t'^a), wo obtain 
the system of equations 


(171)) 


9 / ail \ _ 911 _ 

- Q/J’ 9 


which, owinj^ to tlie relations ( IH), coincide with f t?), 
as was re(|uired to liy proved. 


• If (47b) IS multiplied hy • 


0 [f[ 
0.*' 






since 



HO 
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;nid ooiibeijiienl Iv 

® ( 

■ 9.^ ' 


i I : 

- 1 

Pi ' 

9",. ' 


we olitaiti (ho ei[iialioii 
0 


a^, ( C" 


d;/ 


r''/ 


or 011 

.... 

6/ 


0H 


0 ;/ 




d;r 


fxf 5 . 1 ; 


ail 011 

0-.' 


( I'Cl 


0/ 

ri 

a.' . 


- 2 ./" -/' 

n ■ a 


II 


0 /' 


OwiiJH' lo the r(‘la1i(Mis (4S), th(' o<piafions (IT) and ('>!), 


( :)0 ) 


k/ = ' 


' ' /-/i ' .■» 


nP 


r„. 


It IS to 1)0 iiotiood (lull / ’ is not< a (oiisor, so (hat tho 

<f f 

(‘(jnat.ioii ( l!>) holds oidv lor syslo^lls I^or which ^ — ^y==:l. 
This equation cxjircsses tin* laws of conservation of im|mlso 
and encr< 4 V in a < 4 ravitatioii-H(*ld. Tn fact, the intci^ra- 
tion of this equation over a. thrt'c-diniensional voluine^V 
leads to tlie four (Mjuations 
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i li 

* 

whc'H' « , arc* tin- dirootioii-eosinos nf tlio inwanl- 
dravvn normal to tlio siirl‘a<.*t*-(‘ienu‘ul //S in iho Kiulidoan 
Souse. Wo rooo!Li;'m.‘-(‘ in llii> the usual (*x])ression for llu‘ 
laws* of oon^ervat ion. o denote tin* inaiinitude.*- as the 

' (T 

ener<4y-ooinporit‘nts of the i;'ravita.tion-field. 

I will now ))ui the equation (1/) in a t,hn\f form whioh 
will ho ven sorvioeal)h‘ for a (juicik r(‘aiisation of our ohjoel. 
By multiply iiiL*' the liel(l-e<piations ( 17 ) with 7* , t hetse are 
obtained in the* mixed forms. If we remeinbei’ that, 


J (T 

7 


ar 

0 .' 







0 '/’' 



n 

fjy' 


wltir-li owiii”’ id (dl) IS oi|ual to 


0 


( 


l'<T 

u r 


<1 

/O' 


) 


'•/V 

•ii V 




n 

/'* 


or sli<jrhtlv alt (‘line: the notation (‘qual to 


if ' r 


f^n 


r 


M 

/n' 


0 

0 .' 


( 


/'V 


(I 

/'/> • 


) 


in n ^ (1 

■> r 


r 


ft 

nil 


I fr 

~ .7 


r 




r 


A’ 

I o 


The third mendier of tin’s expression (*ancel with tlu* 

# * 

second member of the Ikeld-eipiations (17). In jilaee of 
the s(*eon(f*tenu of thi^^ ex|)ression, we on account of 

t]ie relatic'^is (5^)), jmt. 


(c 


\N hori‘ / ==: 
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TluMei'orc* in Ur* place oT the cMjiiatioiKs (17), we obtain 


( 7 > 1 ) 


r 

! 

’l’ 

i 



( 


rIS 



V 



] 



^16. General formulation of the field-equation 
of Gravitation. 

The lield-ecjiiatioiii!? established in the preeecliiiju;' ])ara- 
o'raph tor si)a,ces free from matter is to be eonipaj*(‘d with 
the 0 ()uatiun v‘’<^=t)of the Newtonian theory. We have 
now to find the e(jualions wliieh will correspond to 
Poisson’s E(|uation = (f) signities the density of 

matter). 

The s])ec*ial rolativitv th(*or\ has leil to the conception 
that the inertial mass (Triige Masse) is no other than 
energy. It can alst> be fully expressed* matluunatieally by 
a symmetrical tensor of the sectond rank, the energy-tensor. 
AVe have therofoie to introduce in our generalised’ theory 

energy-tensor associated with maltei, which like the 

energ\ couipoiients of the ^mivitation-liehi (e(juations 

lt>, and oO) have a mixed character but which however can 
be connected with symmetrical covariant tensors. The 
ec[ir.ition (ol) teach(*s us bow to introduce the fnergy-ten<^or 
(corresponding to tlit‘ density of Poisson’s ecpiation) in the 
held (‘(piations of gi*avitatioii. If we consider a complete 
sys^icni (for example the Solav-sysleiii) its^ total n.iass, a.^ 
ali^o its total gravitating action, will dejicnd on the total 
energy of the system, ])onderable as well as gravitational. 
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This can hr <‘xprossc(], by in (o1), in j)lacc of 

(•n(*r<>^y-(*(jm|Jon(‘nts of ij^ra vital ion-licld alone the snni 
of tfie enoru^v -eoinpoiients of mailer and L^ravitation, 

/>» 


We thus instead of (5]), tin* tensor-e»jiiation 

1--^-- (.7 r rr~K ( / 4-T 0 ^/4-T) 


I ^'-7 = 1 

where T— (Lane’*- Scalar'). I'hese are llu* i>*eneral ikdd- 
H 

iMjuations of ujravilation in the mixed form. In plae(‘ of 
(17), we <i^et by workinjv fiaekwards tin* ^ystem 


r 0 r 

I /-+r« 

0.'’ 

I " 

•I • = 




It must be admitted, that this introduction of the 
(‘iier^y-tensor of matter ciainiot b(* just i lied f)y means of tlie 
llelativit\ -Post-nlate alone; for vv(* ha\t‘ in the forej^oino* 
analy.s’s deduced it from the condition that the enerij^y of 
the «'ravitation-tfeId should exert <ijravitatin<jj action in the 
sam(‘ way as every other .kind of <‘ner 2 ^y. Tln^ strongest 
ground foi^^he choice oj* tin* above e( (nation* ho wawer lies in 
this, that •they* lead, as their conso<jiiences, to e(juft,ti^ns 
(Expressing the conservation of the components of totaj 
energy ‘(the •impulses and the energy) w'hich exactly 
eorre.spond to the (*(|uations ( f9) and (19a). This shall be 
shown nf ter wards. 
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^17. The laws of conservation in the general case. 

44 lf^ r(|unii!>ns (')*,’) can be ommIv so transfoniied that 
the second member on tlui nglil-lia.nd side vanishes. e 
l■(v.lu(*e ) with nd‘<‘r(nn*(‘ to tlj(‘ indices /u and o and 
siibirael the etjuation so obiaincMl after multiplication with 
‘ rrom (5:2) 

We o])tain. 


a 


/ - a I vO’ A/i u \ 

( f Hi ■> 'V " ^ Vi ) 


( ) 

\ /y fx } 


wi* operate on it b) Now, 

o 


d\ 

d.‘ a 

a ir 


( > ;0 ) 

6--' 


A . 9 -''' 


1 r ' 

t yj 'VV / 

- d ■' d '■ L ai "^ ' ( 0 


u <r 


/>A 

/i 


+ N T, 

d» 0 x A-_- 

fx A 

The first and the tliird member of tlie round bracket 
lead to expressions which ( aneel one another, as can be 
easilv seen by interelian»in»- the summa 1 i«‘n-indiccs «, and 
(/, on tht‘ one hand, and and A, uii the other; 
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T 1 h‘ s(*0(>n(l torrn onn })0 traiislornKMl ar*eonlin;Li to (ol). 
So that we jjjet, 



Tlie second member of the expression on the Kd'l-hand 
side of ( 5 :hi) h'ads first 1 o 


5.r ( 

/' 


rip 




•r\ 

0-7i 

a.'-. 


^■'kh 

a 

)] 


Tli(‘ expr(‘>sion ^uisin^ out of the hist memlier within 
the round brn(*k(‘t. vanishes aeeordinii* to on aeeount 

of the ehoiee*of axes. The two others ean be taken 
toi^ether a.nd jjjive U'^ on aeeount of ( 51 ), tin* exjiression 


' 0 '^ 7 

- * 9 '/^ 


afi 


S^) that remendierin^' ( 54 ) we have - 


( 55 ) 


dr 0 .^' 

U (T 


i r- 

^ 7 ' • r 




I ou r- ' 



19 


identiealiv. 
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From (55) and (5:Za) it follows that 


(5(;) 



-> 



From the, field equations of j^ravilation, it also follows 
that the conservation-laws of impulse and energy are 
satisfied. We see it most simply following the same 
reasoning* which lead to e((aations (JOa); only instead of 
the energy-components of the gravitational-field, we are to 
introduce the total energy-components of matter and gravi- 
tational field. 


The Impulse-energy law for matter as a 
' consequence of the field-equations. 


If we multiply (5i5) with , we get in a way 

cr 

similar to §15, remembering that 


0 




03 ^"' 

0 '-.. 


vanishes, 


the equations 


9 C 

0 '.-' 

a 


or remembering (50) 


0;/^'^ rjir 

9 '.. • 




(.57) 


ar 

0"7 




fXV 


/XV 


* A comparison with *(41 b) 'shows that these eqnatiofti«i 
for the al)ove choice of co-ordinates (\/— ~ i). 
nothing but the vanishing of the divergence of the tensor 
of the energy-components of matter. * , 
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Physically the appearauce oi‘ the second term on the 
lelt-hand side shows that for matter alone the law of con- 
servation of impujse and energy cannot hold; or can only 

hold when are constants ; when the Held of gravi- 
tation vanishes. The second member is an expression for 
impulse and energy which the gravitation-lielci exeHs per 
time and per volume upon matter. This comes out clearer 
when instead of (57) we write it in the Form' of (J7). 


(57a) 


dr 

<T 





The right-hand side exjiresses the interaction of the energy 
of the gravitational-tield on matter. The lield-ec| nations of 
gravitation contain thus at the same time 1 conditions 
which are to be satislied by all material jihenomena. We 
get the ecpiations of the material phenomena eompletely 
whoti the latter is cliaiacterised by four other differential 
ecpiations independent of one another. 

D. THE “MATERIAL” PHENOMENA. 

• • 

The Mathematical auxiliaries developed under ‘ B ’ at 
once enables us to gencrali.se, according to the generalised 
theory of relativity, the physical laws of matter (Hydrody- 
nainfcs, Maxwell’s Electro-dynamics) as they lie already 
formulated according to the .s})ecial-relativit 3 "-theory. 
Tlfe generalised Relativity Principle leads iis to no further 
limitation of* jiossihilities ; hut it enables us to know 
exactly of gravitation on all giroeesses with- 

out the introduction of*any new hypothesis. 

^ It is*owing to this, that as regards the physical nature 
of mattm* (in a«naiTovv sense) no dclinite necessary assum[>- 
tions are to be introduced. The c^uestion may lie open 
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whether the iheoi’ies of the electro- magnetic lieltl and the 
gravitationaldleld logether, will form a sufficient basis fur 
the theorv of matter. The general relativity postulate can 
teach us no new principle. But by building up, the 
theory it must be ^hown whether electro-magnetism and 
gravitation together can achieve what the former alone 
did not succeed in doing. 


§19. Euler’s equations for frictionless adiabatic 
liquid. 


Let p and p, be two scalars, of which the first denotes 
the pressure and the last the density of the liuid ; between 
them there is a relation. Let the contravariant symmetrical . 
tensor 




a 13 

H V + p 


»/.r 

a 

ils 




'Vi 


ds 


(58) 


be the contra-variant energy-tensor of^ the liejuid. To it 
also belongs the covariant tensor 

r 

(/.r 

f58a) T = — (/ p -f if ^ “ f /, p 

^ /jlv > 1 ' ^ ds ds 


as well as the mixed tensor 


(5Sh) 


O’ 


/' + n 


d.r- fj (Lt: 

of3 ds ds « 


^ if we pul the right-haiub side of (5Sb) ifi (57a) 
get the general hydrodynamieal ecj nations of Euler accord- 
ing to the generalised relativity theorv. This in, i)rinciple 
completely solves the problem of motion; , for the four 
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Mu 

9 

equations (o7a) together with the given eciuation between 
p and p, and tlie e(i nation 


y 


af3 


,fr 

a 

f/s 



= 1, 


are sutticieut, with the given values of for iinding 

out the six unknowns 

dx^ d.r^ 

di< ’ ds * ds ’ 


If q are unknown we have also to take the eiiu- 
p.v ' 

tions (od). There are now 1 1 e(|uations for Iinding out 
10 functions // , so that the numl)er is more than *sufli- 

eient. Now it is be noticed that the equation (57a) is 
already contained in (55), so that the latter only represents 
(7) independent e([uations. This indeiiniteness is due to 
the wide freedon^ in the choice of co-ordinates, so that 
inatheinatieally the [uobleni is indelinite in the sense that 
three of the sjwice-f unctions can be arbitrarily chosen. 


^20. li^axweirs 'Electro-Magnetic field-equations. 

• • • 

Let be the components ol a co variant four- vector, 
the electro- mag netfc potential ; from it let us form accord - 
igg to (56), the components of the covariant six-vector 

of the electro-magnetic lield according to the svstem of 
ecjuations 


(5f)) 


F 





00 
9^ ■ 



150 PRlNCiPLE OP REl.ATlVITY 

From (5i)), it follows that the system of equations 


( 00 ) 


aF 

0.r 


pa 




aF 


rp 

" =() 


is satisfied of whieli the left-hand side, according to 
(Ji7), is an iiuti -symmetrical tensor of the third kind. 
This system (00) contains essentially four equations, which 
can be thus written : — 


((^)a) i 


'6F,, 

dr, 

+ - 

d'\, 

ar,, 

dr. 

dr, 

+ 

dr,, 

d 

9. 

dr, 

6F.. 

6.'’« 

4* 


dr,, 

dr, 

dr„ 

+ 

0 F, , 
d-e, 

dr,, 

da!» 


This system of equations corresponds to the second 
system of equations of Maxwell. We see it at once if we 

])Ut 

F. - F,. 


( 01 ) 


f F,, = 11, 

^ F,, = H, 

1 

i- F,, = 11. 


2 1 F ^ 
F,, = F, 


Instead of (60a) we can therefore write according to 
the usual notation of three-dimensional vector-analj^sis : — 


(OOh) 


\ eiH 

i df 


-f- i-ot F=o 


div H=o. 
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Tlie first Maxwellian system is obtained bv a genera- 
lisation of the form given by Minkowski. 

*We introduce the contra- variant six-vector F ,, by 

afi 

the equation 

(B8) = r i" . 

and also a contra- variant four- vector ^ whicli is the 
electrical current-density in vacuum. Then remembering 
(40) we can establish tlie system of eciuations, which 
remains invariant for any substitution with determinant 1 
(according to our choice of co-ordinates). 

9 


If we put 


r K2 3 H'. F 


- F/ 


(61) = - J'- 

e F'= ^ H',' = - E', 

«• 

which quantities become e(|ual to TI,...E in the case of 
the special relativity theory, and besides 

.T^ = ... = p 

we get instead of ((5^^^ 


votH'- 
[ div E' = p 



iMnxnPTJ-: ov relativity 


- 15:2 


The ecjuations (fU)), (fi:>) and ((>.‘5) ^iv^e thus a <?Gnerali- 
pation of Maxwell’s liekl-eqnations in vacuum, which 
remains true in our chosen sysk*m of co-ordinates. 

77/ r r//e 9 ////-vom^joi/ci//ii nf I he elec/ /'o-maffi/elic fie/zL 
Lotus form the inn(‘r-])roduct 




K =: V 

cr fTfj. 


Aeeor(linj4‘ to (tH) its eomponeids can ho written down 
in the three-dimensional notation* 


j K , = />K , -p [ / . H I , 

‘i 

(h.m) j — — — 

[ K, = - (/, K). 

K is a oovariant four- vector whose components are eijual 
or 

to the nen^’ative impulse and energy which are transferred 
to the eleetro-ma^netie Held ])er unit ot time, and per unit 
of volume, hv the electrical masses. If the electrical 
masses he free, that is, under the iiiHuonce of the electro- 
maj^notic held only, then the co variant four- vector 

K will vanish. 


In order to ^et the enerij^y components of the elee- 
tro-ma<?netic Held, we reijuire onK' to give to the ecjuation 
K = o, the form of the equation (57). 

O' 


From (68) and (65) we get Hrst, 

aF 


K = K 

'’"M 9® 

* V 


_ a 


0F 


L ( f 
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On account of (GO) the second member on the right»^nd 
side admits of the transformation — 


A p O 

0a? • * 00? 

^ V ^ ft 




3F 


/iV 


0 


Owing to symmetry, this expression can also be written in 
the form 



A? 8^' 

' ap a 


. /*tt v/3 

a 


F 1, 

J 


which can also be put in the form 

_ j |_ . { /“ F „ F ) 

3,c V •' • ap /*y / 


+ i F_o F 


d 


pr 9 f 




Thfi first of these terras C 0 jn be written shortly as 
— X ( F^'' F 


0 


- ^ F^^'F Y 

jr A / 


and the second after differentiation can bo transformed in 
the forint 
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' ff take all the* three terms together, we jjet the 
relatioi; 


«5H) 





Qx' 'r 

O' 


v^here ' * 

(««a) t’'=- P K''"+ -1- S’' F oF“^. 

(T tra * or ap 


On account of (30) the equation (66) becomes equivalent 
to (57) and (57a) when K vanishes. Thus are the 

O' fj 

energy -com [)onents of the electro-magnetic held. With 
tlie help of (61) and (64) we can easily show that the 
energy -components of the electro-magnetic field, in the case 
of the special relativity theory, give rise to the well-known 
Maxwell-Poynting expressions. 

We have now deduced the most general laws which 
the gmvitation-field and matter satisfy when we use a 
co-ordinate system for which ^ = 1.* Thereby we 
achieve an important simplification in all our formulas and 
cfilculations, without renouncing the conditions of general 
covariance, as we have obtained the equations through a 
specialisation of the co-ordinate system from the genei*al 
CO variant-equations. Still the question is not without formal 
interest, wliether, when the energy-components of the 
gravitation-field and matter is defined in a generalised manner 
without any specialisation of co-ordinates, the laws of con- 
servation h^ve the form of the equation (56)^ ancj the field- 
equations of gravitation hold in the form (52) or (52a) ; 
such that on the left-hand side, we have a divergence in th^ 
usual sense, and on the right-hand side, the sum ,of the 
energy-components of matter and gravitation, I have 
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found out th$.t this is indeed the case. But I am of opiniou 
that the communication of my rather comprehensive work 
on this subject will not pay, for nothing essentially new 
comes out of it. 

E. §21. Newton’s theory as a first approximation. 

( 

We have already mentioned several times that the 
special relativity theory is to be looked upon as a special 
ease of the general, in which ’s have constant values (4). 

This signifies, according to what has been said before, a 
total neglect of the influence of gravitation. We get 
one important approximation if we consider the ease 
when // ’s differ from (4) only by small magnitudes (com- 

pared to 1) where we can neglect small quantities of the 
secqnd and higher orders (tii’st aspe^ct of the apj)roxima- 
tiou.) 

further it should be assumed that within the space*^ ' 
* lime region considered, ’s at iutiriite distances (using 

the word infinite in a spatial sense) can, by a suitable choice 
of co-ordiuates, tend to the limiting values (4); we con- 
sider only those giavitatignal fields which can be regarded 
as pibduced by masses distributed over finite regions. 

W^e can assume tfiat this approximation should lead to 
Nekton’s tlieqry. For it however, it is necessary to tr^eat 
the fundamental equationtl from another point of view. 
Let us eoustd(!r the motion of a particle according to the 
e(piation,(4f5). In the case of the special relativity theofy, 
the comi^nentB 
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cata take any valued ; This signifies that any velocity 


V 




dx^ 

dx^ 



) 


s 


can appear which is less than the velocity of light in 
vfbcuuip {v <1). If we finally limit ourselves to thip 
consideration of the case when v is small compared to the 
velocity of lights it signifies that the components 


dx^ dx^ dx^ 

ds ^ ds ds ^ 


d 

can be treated as small quantities, whereas is equal to 

1, ifp to the second-order magnitudes (the second t)oint of 
view for approximation). 

Now we see that, accoi*ding to the first view of approxi- 
mation, the magnitudes f ^ are all small ([uantities of 

fXV 

at least the first order. A glance at (46) will also show, 
that in this equation according to the second view of 
approximation, we are only to take into account those 
terms for which /a=v=:4. 

By limiting ourselves only to terms of the lowest order 
we get instead of (46), first, the equations ; — 

f» ^ 

d*d' 

_ J =: f'l^,vrheredszr.dx^=!idt, 

' dt* 

or by limiting ourselves only to those terms which according 
to the first stand-point are approximations o? the fii^ 
order, 
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If we further assume that the gravitation-field is 
quasi-static, t.e., it is limited only to the case when the 
matter producing the gravitation-field is moving slowly 
(relative to the velocity of light) we can neglect the 
differentiations of the positional co-ordinates on the right- 
hand side with respect to time, so that we get 


(67) 



Q<n, 

a:;- (t, = 1, 2, s) 


This is the equation of motion of a material point 
according to Newton’s theory, where plays the part of 
gravitational ])otential. The remarkable thing in the 
result is that in the first-approximation of motion of the 
material point, only the component of the fundamental 
tensor appears. 


Let us now turn to the field-equation (53). In this 
qase, we have to remember that the energy-tensor of 
matter is exclusively defined in a narrow sense by the 
density p of master, i,e,, by the secorid member on the 
right-hand side of 58 [(58a, or 58b)]. If we make the 
necessary approximations, then all component vanish 
except 

T. ' - 

On the 'left-hand side^ of (53) the second term is an 
infinitcseimal of the second order, so that the first leads to 
the following terms in the approximation, which are rather 

'interesting for us ; 

• • 


r ^*'1 + .9 p /‘•'i 4. 9 r '*’'1 - ® r 
a.<:i iJ ^ 2 J Q 'X ;jJ 8..'.L 

* * # * * 

liy neglecting all differentialions with regard to time, 

this leads, when /x=i/=4, to the expression • 


•• -*■( 


d-i;* 




0 




V* 
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The last of the equations (58) thus leads to 

( 68 ) 

The equations (67) and ( 68 ) together, are equivalent to 
Newton's law of gravitation. 

For the gravitation-potential we get from (67) and ( 68 ) 
the exp. 



wliereas the Ne\vtonian theory for the chosen unit of time 
gives 

, where K denotes usually the 
gravitation-coiisiaiit. 6 7 x 10" ; equating them we get 



(69) 


' K 


8^K 

6 *‘ 


= ^87xl0V^ 


§22. Behaviour of measuring rods and clocks in a 
statical gravitation-field. Curvature of light-rays. 
Periheliou-motion of the paths 6f the Planets. 


In order to obtain Newton’s theory as a first approxi- 
mation we had to calculate only ^ 44 , out of the 10 compo- 
nents g of the gravitation-potential, for t^t is the onl)^ 


^ p.v 


component which comes in the first approximate evaluations 
of motion of a material point in a gravitational field. 


We see however, that the other components of. g 

p^v 

dtould also differ from the values given in (4) m required by 
the condition y » — 1 . 
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For a heavy particle at the origin of co-ordinates and 
generating the gravitational fields we get as a first approxi- 
mation the symmetrical solution of the equation : — 


(70) 


V= -V~ “ C" 0>a-nd,rl,2.3) 

(#>1. 2, 3) 

»44=*- • 


6^ is 1 or 0, according as or not and r is tlie quantity 
On account of (68a) we have 


(70a) 


- 

47r 


where M denotes the mass generating the field. It is easy 
to* verify that this solution satisfies approximately the 
field-equation outside the mass M. 

Let us now investigate the influences which the field 
ef ma^ M will hkve upon the metrical pro|>ertie8 of the 
field. Between the lengths and times measured locally on 
the one hand, and the diffferenoes in co-ordinates dr on the 

• V 

other, we have the relatfcn# 


dfi^ q d r d,r . 
‘'fAV fX V 


Fdr a unit measuring rod^ for example, placed parallel to 
the f axis^we have to put • 

• ds^ = — 1, d.r, =^^3 =0 


then 
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If Jlie unit measuring rod .Iies on the ^ axip, the first of 
the equations ("0) gives 



From both these relations it follows as a first approxi- 
mation that 


The unit measuring rod appears, when referred to the 
co-ordinate-system, shortened by the calculated magnitude 
through the presence of the gravitational field, when we 
place it radially in the field. 

Similarly we can get its co-oixlinate-length in a 
tangential yiosition, if we put for example 

<ts**= -—1, d,‘’j 

we then get 

(71a) <1^1 = ^ih‘l . 

The gravitational field has no influence upon the length 
of the rod, when we put it tangentially in the field. 

Thus Euclidean geometry does not hold in the gravi- 
tational field even in the first approximation, if we conceive 
that one and the same rod independent of its position and 
its orientation can serve as the measure of the same 
extension. But a glance at (70a) and (69) shows that the 
expected difference is much too small to be noticeable 
in the raeasurement of earth’s surface. ‘ » 

We would further investigate the rate of 'g’oing of a 
unit-clock which is placed in a statical gravitational field. 
Here we have for a period of the clock 

==o ; 
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then we have 


(Ir. =r 


1 








pdr 

r 

Therefore the clock «^oes slowly what it is placed in 
the neighbourhood of ponderable masses. It follows from 
this that the spectral lines in the li^ht coming to us from 
the surfaces of big stars should appear shifted towards the 
red end of the spectrum. 

Let us further investigate the path of light-rays in a 
statical gravitational field. According to the special relati- 
vity theory, the velocity of light is given by the equation 

• 

^il/ -fLZ =o; 

1 3 a -1 

j 

thus also according to the general jjsed relativity theory it 
is giverr by the»ecj nation ? 

(73) =0. 

^If the direction, /.^'.,*tlfe ratio : (h\ : is given, 

the equation (73) giyes the magnitudes 

#i.', d,v^ d,v^ 

and with jt the^ velocity, 
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in the sense of the Euclidean Geometry. We can easily see 
that, with reference to the co-ordinate system, the rays of 
lipfht must iij)pear curved in case ai’C not constants. 

If it be the direction perpendicular to the direction 
of ))ropagation, we have, from Huygen’s principle, that 
Hght-raysJ (taken in the plane (y, w)] must suffer a 

furvatiire . 


Xa. 


A Liglit-ray 


Let ns Hnd out the curvature which a light-ra}- suffers 
when it goes by a mass M at a distance A from it. Tf we 
use the co-ordinate system according to the above scheme, 
then th(* total bending B of light-rays (reckoned positive 
when it is concave to the origin) is given as a sufficient. 
a])proximation by 



where (7.i) and (70) gives 


7 ^ /\ 



=r 1 - 


% 



The caleuhdion gives 

^ KM 
A 

A ray of light just grazing the sun would suffer a bend- 
ing , of 1*7", whereas one coming by Jupiter wonld have 
a deviation of about *02", 



aENBRAUSRl) THKORT OP RELATIVITY 


16S 


If we calculate the gravitation •held to a greater order 
of approximation and with it the corresponding path 
of a material particle of a relatively small (infinitesimal) 
mass we get a deviation of the following kind from the 
Kepler-Newtoiiian Laws of Planetary motion. The Ellipse 
of Planetary motion suffers a slow rotation in the iJirection 
of motion, of amount 

(75) > 1 = per revolution. 

In this Formula ‘ (i ' signifies the semi-major axis, <•, 
the velocity of light, measured in the usual way, e, the 
eccentricity, T, the time of I’evolution in seconds. 

The calculation gives for the planet Mercury, a rotation 
of {jath of amount 43" per century, corresjionding suffi- 
ciently to what has been found by astronomers (Leverrier). 
They found a residual perihelion motion of this planet of 
the given mI^;nit^de which can not be explained by the 
jierturbation of the other planets. 




N0TE5 

Note 1. The fiimlaniontal electro- rnaijnetic e<|ualions 
of Maxwell for stationary media are : — , 


curl H=- ^ 

(* 

(l^-) 

... (1) 

curl E = — 

1 aB 

... (2) 


i‘ a/ 


div 1)=,, 

n-/ji 

* 

div R=:o 

i)=/.i': 



According to Heriz and Heaviside, Ihese reipiire modi- 
fication in the case of moving bodies. 

Now it is known that due to motion alone there is a 
change in a vector li given by 

~ j dup to motion =?/. div K + mirl fffw] 

where n is the veeto'r velocity of tlie moving body and 
[Rj/] the vector product of 11 and n. 

Hence e(|uationa (1) and (2) bevorae 

•curl H= -t-7/ dix' P + eurl ^’eet. | (M) 

0 1 

and' 

0 K 

— /•curlE= { 7Mliv B + curl V'eot. (2'1) 

which gives linally, for and div B = 0, 

+« div D=<- cu’rl (U- ^ Vect. j DkI ) .(1-2) 


dj 


e curl Veet. [jiB] j (8^2) 



166 


PRINCIPLE OF RELATIVITY 


Let US consider a beam travelling along the .r-axis, 
with apparent velocity r velocity with respect to the 
fixed ether) in mediuni moving with velocity in the 

same direction. 


Then if the electric and magnetic vectors are 
' i A (oi’—vt) 

proportional to c , we have 


0‘C 0t dy 0 c ’ 

^ =0 

df a.-' a-- 

... (1-21) 

, aB. ^ dn, aB, 

0/ 0.'* 0.^’ 

... (2-21) 

Since D = K E and B = /x H, we have 


i kv (KEy)= — c / A (H. +?/KE.v) 

... (1-22) 

/ At (ftfL )=— c 1 A (Ey 

... (2-22) 

or r (K~?0 E,=6‘ H, 

... (1-28) 

/X {v—n) U, —c Ey 

... (2-23) 


Multiplying (I *2*3), by (2’28) 

/X K 


Hence (r — //)- :=c- jixk^^v 

making Fresnelian convection co-efficient simply unity. 

Equations (i ’21), and (2’21) may be obtained more 
simply from pliysical considerations. 

According to Heaviside and Hertz, the real seat of 
both electric and magnetic polarisation is the moving 
med’um itself. Now at a point which is fixed with respect 
to the ether, the rate of change of electric polarisation k 
SD 
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Consider a slab of matter moving with velocity u, 
along the .r-axis, then even in a stationary field of 
electrostatic polarisation, that is, for a field in which 

there will be some change in the polarisation of 

As H t 

the body due to its motion, given by . • Hence we 

o 

must add this term to a purely temporal rate of change 
SD 

— - • Doing this we immediately arrive at equations 
01 

(r;il) and (ii*:Zl) for the special case considered there. 


Thus the Hertz-lleaviside form of field equations gives 
unity as the value for the Fresnelian convection co-efficient. 
It has been shown in the historical introduction how this 
is entirely at variance with the observed optical facts. As 
a matter of fact, liarmor has showu (Aether and Matter) 
that I — 1//X® is not only sulficieut but is also necessary, in 
or^er to explain experiments of the Arago prism type. 

A short summary of the electromagnetic experiments 
bearing on this (Question, has already been given in the 
introduction. 

According to Hertz and Heaviside the total polarisa- 
tion is situated in the m**dium itself and is completely 
carried awg^y by it.’ Thus the electromagnetic effect 
out^de a moving medium should be proportional to K, the 
specific inductive eajiacity. 

Roioland^^\io\HQ^ in 18/() that wdieu a charged condenser 
is lapidly rotated (the dmlectric remaining stationary), 
the magnel^^ic effect outside is proportioiml to K, the Sp. 
Ind. Cap.^, , ' ^ ^ 

RMgen (Annalen der Physik 1888, 1890) found that 
if the Mielectrie is rotated while the condenser remains 
stationary, the effect is proportional to K — 1 . 
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E%ch$mvakl (Atinaleu Jer Physik 1903, 1^04-) rotated 
tQgethdr both condenser aud dielectric and found that the 
magnetic effect was proportional to the potential diffei^enoe 
and to the angular velocity, but was completely independent 
of K. This is of course quite consistent with Kowlaiul 
aud Rdnegeu. 

lUonfUol (Comptes Rendus, 1901) j)asseJ a current 
of air in a steady magnetic lield 11^, (H =H,=0). If 
this current of air moves with velocity /<, along the 
.r.a\is, an electromotive^ force would be set uj) along the 
^-axie, due to the relative motion of matter and magnetic 
tubes of induction. V pair of plates at r = -f will be 
charged up with density />=D, = KE =K. Hy/c. 
But Blondlot failed to (hitect any such effect. 

7/. ./. (Phil. Trans. Jloyal Soc. J904) repeated 

the experiinent with a cylindrical condenser made of 
ebouy, rotating in a magnetic Held parallel to its own 
axis. He observed a change proportional tuK— I end 
not to K. 

Thus the above set of electro-magnetic experiments 
contradict the llert/.-Heaviside equations, and these must 
be abandoned . 

lP. C. M.] 

Note 2. Lorr/f i : Tr(HtfifornnUii)}t . 

Lurenlz. Versueh eiuer theowe der elektrischen und 
optischen Firscheinnngen im bewegten Kdrpcru. 

( Leiden — 1895). 

Loreutz, Theory of Electrons (English edition), 
pages 197-i’lOO, i 30, also notes 73, 86, pages 318, 3ji8. 

Lqrentz wanted to explain the Michelson-Morley 
null-effect. In order to dp so, it was obviously necessa. . 
to explain the Fitzgerald contraction. Loren tz workeu 
on the hy]mthcsis that an electron itself undergoes 
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contraction when moving. He introduced new variables 
for the moving system defined by the following set of 
equations. 

x^=^{x-ia),y (=y, z'=z, 

and for velocities, used 

+ and 

With the help of the above set of equations, which is 
known as the Lorentz transformation, he succeeded in 
showing how the Fitzgerald contraction results as a 
consequence of “ fortuitous compensation of opposing 
effects.*’ 

It should be observed that the Lorentz transforipation 
is not identical with the Linstein transformation. The 
Einsteinian addition of velocities is (piite different as 
also the expression for the ‘^relative” density of electricity. 

It is true that the Maxwell-Lorentz field equations 
remain praciically^ unchanged by the Lorentz transforma- 
tion, but they arc changed to some slight extent. One 
marked advantage of the Einstein transformation consists 
in the fact that the field equations of a moving system 
})reserve exactly the saints form as those of a stationary 
system. . 

It should also be noted that the Fresnelian convection 
coefficient comes out in the theory of relativity as a direct 
consequence of Einstein’s addition of velocities and is 
quite independent of any electrical theory of matter. 

[P. C. M.] 

Note 3." 

S^e Lorentz, Theory of Electrons (English edition), 
§ 181, page 21S, 
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maximum value of the velocity of light emitted being 
kiiy Lorentz-Eiiistein 

kz=z\ Ritz. 

Prof, de Silteix admits the validity of the criticisms. But 
he remarks that an up[>er value of k may be calculated from 
the observations of the double sar /8-Aurigac. For this star. 

The parallax ;r= 01J", 6*==-005, = /{‘w/sec T = 3*96, 

A > 05 light-years, 
k is < *00-2. 

Fur an experimental proof, sec a paper by C. Majorana. 
Phil. Mag., Vol. 35, p. 133. 

[M. N. S.] 

NotO 10. Ite8t~(leusii^ of HlectricUf/, 

If /) is the volume density in a moving system then 
— is the corrcs])ondiug (piantity in the correspond- 
ing volume in the fixed system, that is, in the system at 
rest, and hence it is termed the rest-density of electricity, 

TP. C. M.] 

Note 11 (page 17). 

SpaceMme vectors of the fini and the second kind. 

As we had already occasion to mention, Sommerfeld 
has, in two papers on four dimec^sional geometry {vide, 
Annalen der Physik, Bd. *61, p. 749 ; and Bd, 3-3, p. 649), 
translated the ideas of Minkowski into the language of four 
dimensional geometry. Instead of MinkowskFs space-time 
vector of the first kind, he uses the more expressive term 
* four-vector,’ thereby making it quite clear that it 
represents a directed quaiitLty like a straight line, a force 
or a momentum, and has got 4 components; three in the 
direction of space-axes, and one in the direction of the 
time-atis. 
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The representation of the plane (defined by two straight 
lines) is miieh more difficult. In three dimensions, the 
plane can be represented by the vector |)erpendicular to 
itself. But that artifice is not available in four dimensions. 
For the perpendicular to a plane, we now have not a single 
line, but an infinite number of lines constituting ,a plane. 
This difficulty has been overcome by Minkowski in a very 
elegant manner which will become clear later on. 
Meanwhile we offer the following extract from the 
above mentioned work of Sommerfold. 

(Pp. 755, Bd. 5*2, Ann. d. Physik.) 

“ In order to have a better knowledge about the nature 
of the six- vector (which is the same thing as Minkowski’s 
space- time vector of the 2iul kind) lot us take the special 
case of a piece of piano, having unit area (contents), and 
the form of a parallelogram, bounded by the four- vectors 
n, Vy passing through the origin. Then the projection of 
this piece of plane on the :n/ plane is given hy the 
projections i\ of the four vectors in the 

combination * 


Let us form in a similar manner all the six components of 
this plane Then^six components are not all independent 
but are connected by tljp following relation 


% • 

Further th^ contents | </> | of the ])ieee of a jdane is to 
ben defined a» the square root of the sum of the sijuares of 
these six*ynantities. In fact, 


'Let ns now on the other hand take the case of the unit ^ 
plane normal to we can call this [dane the 



176 


PTITNCIPLE OP RELATIVITY 


Complement of Then we have the following relations 
between the components of the two plane : — 

The proof of these assertions is as follows. Let 
be the four vectors defininp: </>*. Then we have the 
following relations : — 


u* 

«x+«J 

«, + «? 

W.- +w1!' 

'ifl 

=0 

H* 

v^+ll* 


+?<T 

Vi 

= 0 

r* 

1(. + V*, 


■W.- + /-T 

ni 

= 0 

V* 

r, + V* 

r y 4 ??* 

r,+rT 


= 0 


If we multiply these equations by Vi, Ui, v,, and 
subtract the second from the first, the fourth from the 
third we obtain 

multiplying these equations by r* . , or by . n* . 

we obtain 

4 and ^.<=0 

from which we have 
<l>*z • 

In a corresponding way we have 

when the subscript (/>?') denotes the component of in 
the plane contained by the lines other than (ik). Therefore 
the theorem is proved. 

WeVve <^T!r4... 

= 0 
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The general six-vector f is composed from the vectors 
in the following way : — 

/ = p,^ + p* 

p and denoting the contents of the pieces of mutually 
perpendionlar planes eom 2 )osing /. The conjugate 
Vector’^ (or it may be called the eomplevnent ^ of /) is 
obtained by interchanging p and 

We have, 

/-X' ^ -f f, 

We can verify that 

= /•.., etc. 

and/2 

I f I “ and C//*) may be said to be invariants of t he six 
vectors, for their values are independent of the choice of 
the SN stem of co-ordinates. 

‘ . [M. N. S.] 

. Note 12. l/i(jhu volociljl ff.9 (t inaxhmnu. 

Page ‘VI, and Electro-dynamics of Moving Bodies, 

p. 17. 

I’nttinir v=:r — .i\ aiul = — A, wo "ol 

V= _ 2o-(^+X) 

r+‘(7-.o) (o-A;/o--' 0-' +0^ A)>; + .rA/o^ 

= c . -(.<■ + A) 

(.e-P A.) -f j-k/c 

Thus v*<c, so long as | .rX | >0. 

Thus the velocity •of light is the absolute maximum 
velocity.* Wo sli.ill iunv see the eonsp(jii(Tnces of admitting 
a velocifv WSc. 

• Let A and P be separated by distance /, and let 

• • *’ i 

velocity of a signal ” in the system S he W>c. Let the 
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frequent occurrence in this paper, it will be better to form 
an idea of their geometrical meaning. The following 
is taken from the above mentioned paper of Sommerfeld. 

‘‘ We can also form a vectorial combination of a four- 
vector and a six- vector, giving us a vector of » the third 
type. Jf the six- vector be of a special type, /.e?., a piece 
of piano, then this vector of the third type denotes the 
parallelojHped formed of this four- vector and the comple- 
ment of this [)ieee of }>lane. In the general case, the 
])r<>duet will be llu* geometrie sum of two j)aiallelopij)eds, 
but it can always be represented by a four-vector of the 
1st type. For two pieces of ;j-space volumes can always 
be added together by the vectorial addition of their com- 
po'i'eiils. So by the addition of two 8-space volumes, 
we do not obtain a vector of a more general type, but 
one which can always be represented by a four-vector 
(loo, cit. p. Tot)). The state of affairs here is tlie same as 
in the ordinary vector calculus, where by the vedtor- 
multi])licatiou of a vector of the first, and a vector of the 
second ly])e (f.r., a polar v(‘Ctor), we oLtaiii a vector of the 
first type (axial vector). The formal scheme of this * 
multiplication is taken from the tbroe-dimensionaf case. ^ 

Let A = (A,,,, A„, A.) demote a vector of the first 
type, B = (B,,,, B,,, B,^) denote *a vector of the second 
type. From this last, let us fdrm three special vectors of 
the first kind, namely — , 

B,-(B,„B.„ B^Jl 

B,=:(B,,, B,„ = 

^ Since B^ , is zero,« is* perpendieulhr trf the y-axis. 
The /-component of the vector-product of A and 
equivalent to the scalar product of A and B,, i.e,y 
^ (AB,)=A, + B,,. 
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We See easily that tliis coincides with the usual rule 
for the vector-product^ r. y., for / = 

(AB0 = A, b 

Correspondingly let us define in the four-dimensional 
case the product (P/‘) of any four- vector P ancT the six- 
vector/. The y-coraponent (/ = .r, or /) is t^iveti by 

(P/‘0 = P,/* + -bP/w 

Each one of these components is obtained as the scalar 
product of P, and the vector v /*, which is ])erpendicular to 
j-axis, and is obtained from / by the rule f, = [(/^ ^, / , 

* -x* * * 

We can also find out here the geometrical signitieance 
of vectors of the third type, when represents 

only oup plane. 

• We replace <t» by the parallelogram defined by the two 
four-vectors U, V, aud lei us ])ass over to the conjugate 
plane which is ’formed by the perj)endicular four- vectors 
U*, V.* The components of (P</>) are then equal to tlie 
i three-rowed* under-determiuants D,, D: Di of the 
matrix 


p, 

V., 

p,. 

P, 

V* 

• y* 

u* 

IT,* 

V^-x- 

V * 

* V 

V.* 

V,* 


^ Leaving ^aside the lirst column we obtain 

' which.coiucides with (P^r) accordin" to our delinition. 
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beporne clear when alon^ with Minkowski^s method of 
treatment we also study tlie i*eometrical method of 
Sommerfeld. Minkowski begins here with the case of 
lor S, where S is a six- vector (space-time vector of tlie 
2nd kind).^ 

This being a complicated case, we take the simpler 
case of lor .v, 

where v is a four- vector = | .s*^, ^ | 

and .V = 1 ) 


The following geometrical method is taken from Som- 
m erf eld. 


Scalar Divergence — Lot AS denote a small four-dimen- 
sional volume of any sha])e in the inughbourhood of the 
space-time j)oint (4, denote tin' three-dimensional 
bounding surface of a 2> be the outer normal to dS, 
Let S be any four-vector, P„ its normal component. 
Then 


T)iv S 
A 


= Lim / 

^S=0 J 


A2 


Now if for AS choose the foLiir-dimensioital paral- 
lelepiped with sides d,v^)j we have then ' 


s- 9^' •- 

0-^' 0.^\h 0‘<'i 


loi' S. 


If /'denotes a ppace-time vector of the second kind, lor 
/'is equivalent to a space-time vector of the first kind. The 
geometrical significance caSi be tlms brought out. We have 
seen t'lat the operator ‘ lor ^ behaves in every respect? like ^’ 
a four- vector. The vector-product of a four-vector and a 
six-vector is again a four- vector. Therefore it is^^easy 
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to see that lor S will be a four-veoior. Let us find 
the component of this four-vector in any direction .v. 
Lot S denote the three-space which passes throuf^h the 
pofht Q .To, JrJ^) and is perpendicular to . 9 , AS a 

very small part of it in the region of Q, da- is an element 
of its two-dimensional surface. T^et the* perjTendicular 
to this surface lying in the space be denoted by //, and 
l^*f ./ - n denote the component of f in the plane of (.9//) 
which is evidently conjugate to the plane da-. Then the 
^-component of the vector divergence of f because the 
operator lor multiplies y* vectorially) 


= Div/. rrLim ^ , 
A«=0 


Where the integration in dn is to be extended* over 
the whole surface. 


If now ,9 is selected as the .r-directioii; A*^ is then 
a* three-dimensional parallelopiped with the sides dy^ //r, 
dl ^ then we have 


Div = 


d'[j dz dl 


5 ih. dl. dy+dl dy d- 
<■ dy • 8s 


+ dy d: dl I = ^ , 

8 * ) dy 8 ; 8 ^ 

a^d generall}' 

= (where/,, =0). 


Henpe tJtie four-components of the four- vector lor S 
or Div. is a four-vector with the components given on 
page 42, 

A'ceording to the formulae* of space geometry, D, 
denotes a parallelopiped laid in the {y-z4) space, formed# 

ontophe vectors (P„ P, P,), (u* U*ut) (v* Y* V**,). 
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D, is therefore the projection on the y<4 space of 
the perallelopijied formed ont of these three four-vcctore 
(P, U*, V*), and could as well he denoted by D)’zl. 
We see directly that the four-vector of the kind represent- 
ed by (D^, Dj, D., D,) is perpendicular to the parallclo- 
piped formed by (P V*). 

Generally we have 

(P/)=PD+P*D* 

The vector of the third type represented by (P/) 
is given by the geometrical sum of the two four-vectors of 
the first type PD and P*D*, 


[M. N. S.] 




